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In this paper we review in detail a number of approaches that have been adopted to try and explain
the remarkable observation of our accelerating Universe. In particular we discuss the arguments for
and recent progress made towards understanding the nature of dark energy. We review the observa-
tional evidence for the current accelerated expansion of the universe and present a number of dark
energy models in addition to the conventional cosmological constant, paying particular attention to
scalar field models such as quintessence, K-essence, tachyon, phantom and dilatonic models. The
importance of cosmological scaling solutions is emphasized when studying the dynamical system of
scalar fields including coupled dark energy. We study the evolution of cosmological perturbations
allowing us to confront them with the observation of the Cosmic Microwave Background and Large
Scale Structure and demonstrate how it is possible in principle to reconstruct the equation of state
of dark energy by also using Supernovae Ia observational data. We also discuss in detail the nature
of tracking solutions in cosmology, particle physics and braneworld models of dark energy, the na-
ture of possible future singularities, the effect of higher order curvature terms to avoid a Big Rip
singularity, and approaches to modifying gravity which leads to a late-time accelerated expansion
without recourse to a new form of dark energy.
PACS numbers: 98.70.Vc
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I. INTRODUCTION
Over the course of the past decade, evidence for
the most striking result in modern cosmology has been
steadily growing, namely the existence of a cosmological
constant which is driving the current acceleration of the
Universe as first observed in Refs. [1, 2]. Although it may
not have come as such a surprise to a few theorists who
were at that time considering the interplay between a
number of different types of observations [3], for the ma-
jority it came as something of a bombshell. The Universe
is not only expanding, it is accelerating. The results first
published in Refs. [1, 2] have caused a sea change in the
way we have started thinking about the universe.
Conventionally, the world of particle physics and cos-
mology has been seen as overlapping in the early uni-
verse, particle physics providing much needed sources of
energy density during that period, leading to processes
like inflation, baryogenesis, phase transitions etc... Now
though we need to understand the impact particle physics
has on cosmology today, how else can we explain the na-
ture of this apparent cosmological constant? Theorists
never short of ideas, have come up with a number of
particle physics related suggestions (as well as a num-
ber completely unrelated to particle physics) to help us
understand the nature of the acceleration.
There is a key problem that we have to explain, and
it is fair to say it has yet to be understood. The value
of the energy density stored in the cosmological constant
today, which rather paradoxically is called dark energy
and has nothing to do with dark matter, this value has
to be of order the critical density, namely ρΛ ∼ 10−3 eV4.
Unfortunately, no sensible explanation exists as to why
a true cosmological constant should be at this scale, it
4should naturally be much larger. Typically, since it is
conventionally associated with the energy of the vacuum
in quantum theory we expect it to have a size of order the
typical scale of early Universe phase transitions. Even at
the QCD scale it would imply a value ρΛ ∼ 10−3GeV4.
The question then remains, why has Λ got the value it
has today?
Rather than dealing directly with the cosmological
constant a number of alternative routes have been pro-
posed which skirt around this thorny issue [4, 5, 6, 7, 8].
They come in a a number of flavors. An incomplete
list includes: Quintessence models [9, 10] (see also
Refs. [11, 12]) which invoke an evolving canonical scalar
field with a potential (effectively providing an inflaton for
today) and makes use of the scaling properties [13, 14]
and tracker nature [15, 16] of such scalar fields evolving
in the presence of other background matter fields; scalar
field models where the small mass of the quintessence
field is protected by an approximate global symmetry by
making the field a pseudo-Nambu-Goldstone boson [17];
Chameleon fields in which the scalar field couples to the
baryon energy density and is homogeneous being allowed
to vary across space from solar system to cosmological
scales [18, 19]; a scalar field with a non-canonical kinetic
term, known as K-essence [20, 21, 22] based on earlier
work of K-inflation [23]; modified gravity arising out of
both string motivated [24] or more generally General Rel-
ativity modified [25, 26, 27] actions which both have the
effect of introducing large length scale corrections and
modifying the late time evolution of the Universe; the
feedback of non-linearities into the evolution equations
which can significantly change the background evolution
and lead to acceleration at late times without introduc-
ing any new matter [28]; Chaplygin gases which attempt
to unify dark energy and dark matter under one umbrella
by allowing for a fluid with an equation of state which
evolves between the two [29, 30, 31]; tachyons [32, 33]
arising in string theory [34]; the same scalar field respon-
sible for both inflation in the early Universe and again
today, known as Quintessential inflation [35]; the possi-
bility of a network of frustrated topological defects forc-
ing the universe into a period of accelerated expansion
today [36]; Phantom Dark Energy [37] and Ghost Con-
densates [38, 39]; de-Sitter vacua with the flux compacti-
fications in string theory [40]; the String Landscape aris-
ing from the multiple numbers of vacua that exist when
the string moduli are made stable as non-abelian fluxes
are turned on [41]; the Cyclic Universe [42]; causal sets
in the context of Quantum Gravity [43]; direct anthropic
arguments [44, 45, 46, 47], all of these are more or less
exotic solutions to the dark energy question.
These possibilities and more, have been discussed in
the literature and many of them will be discussed in
detail in this review. Given the strength of the data
which are all effectively indicating the presence of a cos-
mological constant type term today, then any dynami-
cally evolving contribution must resemble a cosmological
constant today. If we are to see evidence of dynamics in
the dark energy equation of state, we have to probe back
in time. A number of routes in that direction have been
suggested and plans are underway to extend this even
further. For example by looking at the detailed patterns
of the anisotropies in the cosmic microwave background
(CMB), we are seeing when and under what conditions
the photons left the surface of last scattering. As they
propagated towards us today, they will have traveled
through gravitational potentials determined by the na-
ture of the dark matter and dark energy, and so different
forms of dark energy could in principle have led to differ-
ent contributions to quantities such as the separation of
CMB Peaks [48, 49, 50], the integrated Sachs Wolfe effect
[51], the nature of galaxy formation [52], the clustering of
large scale structure (LSS) as measured through quanti-
ties such as σ8 [53, 54], the propagation of light through
weak and strong gravitational lenses [55, 56], and sim-
ply through the evolution of the Hubble expansion rate
itself which is a function of the energy contributions to
the Friedmann equation [57].
On the other hand, what if the data is misleading us
and we do not require an effective cosmological constant
[58] ? A minority of cosmologists have argued forcefully
that the majority of the data as it presently stands can
be interpreted without recourse to a cosmological con-
stant, rather we can explain it through other physical
processes, for example by relaxing the hypothesis that
the fluctuation spectrum can be described by a single
power law [58]. On the other hand perhaps we do not
yet fully understand how Type Ia supernova evolve and
we may have to eventually think of alternative explana-
tions. Although this might well be the case, there is a
growing body of evidence for the presence of a cosmolog-
ical constant which does not rely on the supernova data
to support it (in relation to this and the comment above
see Ref. [59]).
In the same vein Plaga recently discussed observations
of a cluster of galaxies “Abell 194” and has argued that
the distribution of galaxy redshifts is fitted better with an
Einstein-Straus vacuole region of space time as opposed
to the cosmological concordance model with a Λ [60].
Of course, this is based on limited data, but we should
remember the need to always be prepared to test the
standard model against observation.
However, the more accepted interpretation of the data
is that it is becoming clear that consistency between the
anisotropies in the CMB [61, 62] and LSS [63] observa-
tions imply we live in a Universe where the energy density
is dominated by a cosmological constant type contribu-
tion. An impressive aspect of this consistency check is
the fact that the physics associated with each epoch is
completely different and of course it occurs on different
time scales. It appears that consistency is obtained for a
spatially flat universe with the fractional energy density
in matter contributing today with Ω
(0)
m ∼ 0.3 whereas for
the cosmological constant we have Ω
(0)
Λ ∼ 0.7 [64].
In this review we assume that the dark energy is really
there in some form, either dominating the energy density
5or through some form of modified gravity, in both cases
driving our Universe into a second period of accelerated
expansion around a redshift of z = O(1). Most of the
observational results are based on the years of analysing
the first year WMAP data [62], and has not yet reached
the stage of analysing the beautiful new data published
around the same time as this review was completed [61].
We have attempted to include the new results where pos-
sible and where appropriate. Fortunately for us, many of
the key results of WMAP1 have stood the test of time and
statistics and appear to be holding true in the three year
data as well (with some notable exceptions of course).
Our goal is to introduce the reader to some of the the-
oretical model building that has gone into understand-
ing the nature of dark energy. We will include string
inspired models, uninspired models, phenomenological
models, modified gravity models, etc. We will look into
the observational implications associated with dynamical
dark energy, and investigate the ways we may determine
whether or not there may be a Λ term out there governing
our Universe today.
Now a word of caution. The reader is about to spend
a great deal of time learning (we hope!) about models
of dark energy. The fact remains that although many of
us believe some sort of dynamics is responsible for the
dark energy, such is the sensitivity of current observa-
tions, there is no evidence of an evolving dark energy
component, everything remains perfectly consistent with
the simplest model (not from the particle physics point of
view) of a time independent cosmological constant [51].
Indeed if we include the number of required extra param-
eters needed to allow for dynamical dark energy as a part
of the selection criteria and apply Bayesian information
criteria to carry out cosmological model selection, then
there is no need at present to allow anything other than
the cosmological constant [65, 66]. Nevertheless this may
change in the future as observations improve even more,
and it remains important to pursue alternative models
of dark energy to distinguish them from the cosmological
constant observationally.
Before we set off, it is worth mentioning here the ap-
proach we are adopting with regard the way we are clas-
sifying models, because to some, having a list of appar-
ently unrelated possibilities may not seem the best way
forward. We are treating all of these possibilities sep-
arately, whereas in principle a number of them can be
related to each other as variants of theories carrying the
same sort of signature – see for example Refs. [67, 68, 69].
Our reason for doing this is that we believe the models
themselves have now become accepted in their own right
and have had so much work done on them that they are
better being treated separately without trying in this re-
view to discuss the conformal transformations which link
them - although we take on board the fact that some of
them can be related.
This paper is organized as follows. In Sec. II we intro-
duce Einstein’s equations in a homogeneous and isotropic
background and provide the basic tools to study the dy-
namics of dark energy. In Sec. III we discuss the obser-
vational evidence for dark energy coming from supernova
constraints. Sec. IV is devoted to the discussion of the
cosmological constant, whereas in Sec. V we introduce
a number of scalar-field dark energy models which can
act as alternatives to the cosmological constant. This
is followed in Sec. VI where the cosmological dynamics
of scalar-field dark energy models in the presence of a
barotropic fluid is presented. In Sec. VII we derive the
condition for the existence of scaling solutions for more
general scalar-field Lagrangians. In Sec. VIII we turn
to discuss a number of aspects of quintessence scenarios,
paying particular attention to particle physics models of
Quintessence. In Sec. IX we present coupled dark en-
ergy scenarios showing how accelerated expansion can
be realized for a class of scaling solutions. Sec. X is de-
voted to a discussion of varying fine structure constant
(α) models which although somewhat controversial opens
up an important avenue, allowing us in principle to dis-
tinguish between quintessence and a cosmological con-
stant observationally. In Sec. XI we study the evolution
of cosmological perturbations in a dark energy universe
and show several situations in which analytic solutions
for perturbations can be obtained. This is followed in
Sec. XII where we provide reconstruction equations for
a general scalar-field Lagrangian including a coupling to
dark matter. Sec. XIII is devoted to a number of ap-
proaches to reconstructing the equation of state of the
dark energy by parameterizing it in terms of the redshift
z. In Sec. XIV we investigate a possibility that there
may be future singularities in a dark energy scenario, and
classify these into five classes. In Sec. XV we study the
effect of higher-order curvature terms to the cosmological
evolution around the singularities discussed in Sec. XIV
and in Sec. XVI we discuss modified gravity theories in
which an accelerated expansion can be realized without
recourse to dark energy. We conclude in the final section.
Throughout the review we adopt natural units c = ~ =
1 and have a metric signature (−,+,+,+). We denote
the Planck mass as mpl = G
−1/2 = 1.22× 1019GeV and
the reduced Planck mass as Mpl = (8πG)
−1/2 = 2.44 ×
1018GeV. Here G is Newton’s gravitational constant.
We define κ2 = 8πG = 8πm−2pl = M
−2
pl and will use the
unit κ2 = 1 in some sections (but will make it clear when
we are doing so).
Finally we would like to a provide guide lines for ap-
proaching this review. Some of the sections/subsections
are of specific interest and may be skipped over in the
first reading. For many, it may be preferable first time
round to skip over the details of the KKLT scenario de-
scribed in Sec. IV. Similarly a brief look at sections XIV
and XV may be sufficient for a first reading of the review.
II. ELEMENTS OF FRW COSMOLOGY
The dynamics of the universe is described by the Ein-
stein equations which are in general complicated non-
6linear equations. However they exhibit simple analyti-
cal solutions in the presence of generic symmetries. The
Friedmann-Robertson-Walker (FRW) metric is based
upon the assumption of homogeneity and isotropy of the
universe which is approximately true on large scales. The
small deviation from homogeneity at early epochs played
a very important role in the dynamical history of our uni-
verse. Small initial density perturbations grew via grav-
itational instability into the structure we see today in
the universe. The temperature anisotropies observed in
the Cosmic Microwave Background (CMB) are believed
to have originated from quantum fluctuations generated
during an inflationary stage in the early universe. See
Refs. [70, 71, 72, 73, 74, 75, 76] for details on density per-
turbations predicted by inflationary cosmology. In this
section we shall review the main features of the homo-
geneous and isotropic cosmology necessary for the subse-
quent sections.
The FRW metric is given by [70, 77, 78, 79]
ds2 = −dt2 + a2(t)
[
dr2
1−Kr2 + r
2(dθ2 + sin2 θdφ2)
]
,
(1)
where a(t) is scale factor with cosmic time t. The coordi-
nates r, θ and φ are known as comoving coordinates. A
freely moving particle comes to rest in these coordinates.
Equation (1) is a purely kinematic statement. In this
problem the dynamics is associated with the scale factor–
a(t). Einstein equations allow us to determine the scale
factor provided the matter content of the universe is spec-
ified. The constant K in the metric (1) describes the ge-
ometry of the spatial section of space time, with closed,
flat and open universes corresponding to K = +1, 0,−1,
respectively.
It may be convenient to write the metric (1) in the
following form:
ds2 = −dt2 + a2(t) [dχ2 + f2K(χ)(dθ2 + sin2 θdφ2)] , (2)
where
fK(χ) =
 sinχ , K = +1 ,χ , K = 0 ,sinhχ , K = −1 . (3)
A. Evolution equations
The differential equations for the scale factor and the
matter density follow from Einstein’s equations [77]
Gµν ≡ Rµν −
1
2
δµνR = 8πGT
µ
ν , (4)
where Gµν is the Einstein tensor, and R
µ
ν is the Ricci
tensor which depends on the metric and its derivatives,
R is the Ricci scalar and T µν is the energy momentum
tensor. In the FRW background (1) the curvature terms
are given by [78]
R00 =
3a¨
a
, (5)
Rij =
(
a¨
a
+
2a˙2
a2
+
2K
a2
)
δij , (6)
R = 6
(
a¨
a
+
a˙2
a2
+
K
a2
)
, (7)
where a dot denotes a derivative with respect to t.
Let us consider an ideal perfect fluid as the source of
the energy momentum tensor T µν . In this case we have
T µν = Diag (−ρ, p, p, p) , (8)
where ρ and p are the energy density and the pressure
density of the fluid, respectively. Then Eq. (4) gives the
two independent equations
H2 ≡
(
a˙
a
)2
=
8πGρ
3
− K
a2
, (9)
H˙ = −4πG(p+ ρ) + K
a2
, (10)
where H is the Hubble parameter, ρ and p denote the to-
tal energy density and pressure of all the species present
in the universe at a given epoch.
The energy momentum tensor is conserved by virtue of
the Bianchi identities, leading to the continuity equation
ρ˙+ 3H(ρ+ p) = 0 . (11)
Equation (11) can be derived from Eqs. (9) and (10),
which means that two of Eqs. (9), (10) and (11) are in-
dependent. Eliminating theK/a2 term from Eqs. (9) and
(10), we obtain
a¨
a
= −4πG
3
(ρ+ 3p) . (12)
Hence the accelerated expansion occurs for ρ+ 3p < 0.
One can rewrite Eq. (9) in the form:
Ω(t)− 1 = K
(aH)2
, (13)
where Ω(t) ≡ ρ(t)/ρc(t) is the dimensionless density pa-
rameter and ρc(t) = 3H
2(t)/8πG is the critical density.
The matter distribution clearly determines the spatial
geometry of our universe, i.e.,
Ω > 1 or ρ > ρc → K = +1 , (14)
Ω = 1 or ρ = ρc → K = 0 , (15)
Ω < 1 or ρ < ρc → K = −1 . (16)
Observations have shown that the current universe is very
close to a spatially flat geometry (Ω ≃ 1) [61]. This is
actually a natural result from inflation in the early uni-
verse [70]. Hence we will therefore consider a flat universe
(K = 0) in the rest of this section.
7B. The evolution of the universe filled with a
perfect fluid
Let us consider the evolution of the universe filled with
a barotropic perfect fluid with an equation of state
w = p/ρ , (17)
where w is assumed to be constant. Then by solving the
Einstein equations given in Eqs. (9) and (10) with K = 0,
we obtain
H =
2
3(1 + w)(t− t0) , (18)
a(t) ∝ (t− t0)
2
3(1+w) , (19)
ρ ∝ a−3(1+w) , (20)
where t0 is constant. We note that the above solution
is valid for w 6= −1. The radiation dominated universe
corresponds to w = 1/3, whereas the dust dominated
universe to w = 0. In these cases we have
Radiation : a(t) ∝ (t− t0)1/2 , ρ ∝ a−4 , (21)
Dust : a(t) ∝ (t− t0)2/3 , ρ ∝ a−3 . (22)
Both cases correspond to a decelerated expansion of the
universe.
From Eq. (12) an accelerated expansion (a¨(t) > 0)
occurs for the equation of state given by
w < −1/3 . (23)
In order to explain the current acceleration of the uni-
verse, we require an exotic energy dubbed “dark energy”
with equation of state satisfying Eq. (23). We note that
Newton gravity can not account for the accelerated ex-
pansion. Let us consider a homogeneous sphere whose
radius and energy density are a and ρ, respectively. The
Newton’s equation of motion for a point particle with
mass m on this sphere is give by
ma¨ = −Gm
a2
(
4πa3ρ
3
)
,
→ a¨
a
= −4πG
3
ρ . (24)
The difference compared to the Einstein equation (12)
is the absence of the pressure term, p. This appears in
Einstein equations by virtue of relativistic effects. The
condition (23) means that we essentially require a large
negative pressure in order to give rise to an accelerated
expansion. We stress here that Newton gravity only leads
to a decelerated expansion of the universe.
From Eq. (11) the energy density ρ is constant for w =
−1. In this case the Hubble rate is also constant from
Eq. (9), giving the evolution of the scale factor:
a ∝ eHt , (25)
which is the de-Sitter universe. As we will see in the
Sec. IV, this exponential expansion also arises by includ-
ing a cosmological constant, Λ, in the Einstein equations.
So far we have restricted our attention to the equation
of state: w ≥ −1. Recent observations suggest that the
equation of state which is less than −1 can be also al-
lowed [80]. This specific equation of state corresponds
to a phantom (ghost) dark energy [37] component and
requires a separate consideration (see also Ref. [81]). We
first note that Eq. (19) describes a contracting universe
for w < −1. There is another expanding solution given
by
a(t) = (ts − t)
2
3(1+w) , (26)
where ts is constant. This corresponds to a super-
inflationary solution where the Hubble rate and the scalar
curvature grow:
H =
n
ts − t , n = −
2
3(1 + w)
> 0 , (27)
R = 6
(
2H2 + H˙
)
=
6n(2n+ 1)
(ts − t)2 . (28)
The Hubble rate diverges as t→ ts, which corresponds
to an infinitely large energy density at a finite time in the
future. The curvature also grows to infinity as t → ts.
Such a situation is referred to as a Big Rip singular-
ity [82]. This cataclysmic conclusion is not inevitable
in these models, and can be avoided in specific models
of phantom fields with a top-hat potential [83, 84]. It
should also be emphasized that we expect quantum ef-
fects to become important in a situation when the curva-
ture of the universe becomes large. In that case we should
take into account higher-order curvature corrections to
the Einstein Hilbert action which crucially modifies the
structure of the singularity, as we will see in Sec. XIV.
III. OBSERVATIONAL EVIDENCE FOR DARK
ENERGY
In this section we briefly review the observational evi-
dence for dark energy, concentrating on the types of ob-
servation that have been introduced. Later, in Sec. XIII
we will return to discuss in more detail the observational
constraints on the dark energy equation of state.
A. Luminosity distance
In 1998 the accelerated expansion of the universe was
pointed out by two groups from the observations of Type
Ia Supernova (SN Ia) [1, 2]. We often use a redshift to
describe the evolution of the universe. This is related to
the fact that light emitted by a stellar object becomes
red-shifted due to the expansion of the universe. The
8wavelength λ increases proportionally to the scale factor
a, whose effect can be quantified by the redshift z, as
1 + z =
λ0
λ
=
a0
a
, (29)
where the subscript zero denotes the quantities given at
the present epoch.
Another important concept related to observational
tools in an expanding background is associated to the
definition of a distance. In fact there are several ways of
measuring distances in the expanding universe. For in-
stance one often deals with the comoving distance which
remains unchanged during the evolution and the physical
distance which scales proportionally to the scale factor.
An alternative way of defining a distance is through the
luminosity of a stellar object. The distance dL known as
the luminosity distance, plays a very important role in
astronomy including the Supernova observations.
In Minkowski space time the absolute luminosity Ls
of the source and the energy flux F at a distance d is
related through F = Ls/(4πd2). By generalizing this to
an expanding universe, the luminosity distance, dL, is
defined as
d2L ≡
Ls
4πF . (30)
Let us consider an object with absolute luminosity Ls
located at a coordinate distance χs from an observer at
χ = 0 [see the metric (2)]. The energy of light emitted
from the object with time interval ∆t1 is denoted as ∆E1,
whereas the energy which reaches at the sphere with ra-
dius χs is written as ∆E0. We note that ∆E1 and ∆E0
are proportional to the frequencies of light at χ = χs and
χ = 0, respectively, i.e., ∆E1 ∝ ν1 and ∆E0 ∝ ν0. The
luminosities Ls and L0 are given by
Ls =
∆E1
∆t1
, L0 =
∆E0
∆t0
. (31)
The speed of light is given by c = ν1λ1 = ν0λ0, where λ1
and λ0 are the wavelengths at χ = χs and χ = 0. Then
from Eq. (29) we find
λ0
λ1
=
ν1
ν0
=
∆t0
∆t1
=
∆E1
∆E0
= 1 + z , (32)
where we have also used ν0∆t0 = ν1∆t1. Combining
Eq. (31) with Eq. (32), we obtain
Ls = L0(1 + z)
2 . (33)
The light traveling along the χ direction satisfies the
geodesic equation ds2 = −dt2 + a2(t)dχ2 = 0. We then
obtain
χs =
∫ χs
0
dχ =
∫ t0
t1
dt
a(t)
=
1
a0H0
∫ z
0
dz′
h(z′)
, (34)
where h(z) = H(z)/H0. Note that we have used the
relation z˙ = −H(1 + z) coming from Eq. (29). From the
metric (2) we find that the area of the sphere at t = t0 is
given by S = 4π(a0fK(χs))
2. Hence the observed energy
flux is
F = L0
4π(a0fK(χs))2
. (35)
Substituting Eqs. (34) and (35) for Eq. (30), we obtain
the luminosity distance in an expanding universe:
dL = a0fK(χs)(1 + z) . (36)
In the flat FRW background with fK(χ) = χ we find
dL =
1 + z
H0
∫ z
0
dz′
h(z′)
, (37)
where we have used Eq. (34). Then the Hubble rate H(z)
can be expressed in terms of dL(z):
H(z) =
{
d
dz
(
dL(z)
1 + z
)}−1
. (38)
If we measure the luminosity distance observationally, we
can determine the expansion rate of the universe.
The energy density ρ on the right hand side of Eq. (9)
includes all components present in the universe, namely,
non-relativistic particles, relativistic particles, cosmolog-
ical constant, etc:
ρ =
∑
i
ρ
(0)
i (a/a0)
−3(1+wi) =
∑
i
ρ
(0)
i (1 + z)
3(1+wi) ,
(39)
where we have used Eq. (29). Here wi and ρ
(0)
i corre-
spond to the equation of state and the present energy
density of each component, respectively.
Then from Eq. (9) the Hubble parameter takes the
convenient form
H2 = H20
∑
i
Ω
(0)
i (1 + z)
3(1+wi) , (40)
where Ω
(0)
i ≡ 8πGρ(0)i /(3H20 ) = ρ(0)i /ρ(0)c is the density
parameter for an individual component at the present
epoch. Hence the luminosity distance in a flat geometry
is given by
dL =
(1 + z)
H0
∫ z
0
dz′√∑
iΩ
(0)
i (1 + z
′)3(1+wi)
. (41)
In Fig. 1 we plot the luminosity distance (41) for a two
component flat universe (non-relativistic fluid with wm =
0 and cosmological constant with wΛ = −1) satisfying
Ω
(0)
m +Ω
(0)
Λ = 1. Notice that dL ≃ z/H0 for small values
of z. The luminosity distance becomes larger when the
cosmological constant is present.
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FIG. 1: Luminosity distance dL in the units of H
−1
0 for a two
component flat universe with a non-relativistic fluid (wm = 0)
and a cosmological constant (wΛ = −1). We plot H0dL for
various values of Ω
(0)
Λ .
B. Constraints from Supernovae Ia
The direct evidence for the current acceleration of the
universe is related to the observation of luminosity dis-
tances of high redshift supernovae [1, 2]. The apparent
magnitude m of the source with an absolute magnitude
M is related to the luminosity distance dL via the rela-
tion [4, 6]
m−M = 5 log10
(
dL
Mpc
)
+ 25 . (42)
This comes from taking the logarithm of Eq. (30) by not-
ing that m andM are related to the logarithms of F and
Ls, respectively. The numerical factors arise because of
conventional definitions of m and M in astronomy.
The Type Ia supernova (SN Ia) can be observed when
white dwarf stars exceed the mass of the Chandrasekhar
limit and explode. The belief is that SN Ia are formed
in the same way irrespective of where they are in the
universe, which means that they have a common abso-
lute magnitude M independent of the redshift z. Thus
they can be treated as an ideal standard candle. We can
measure the apparent magnitudem and the redshift z ob-
servationally, which of course depends upon the objects
we observe.
In order to get a feeling of the phenomenon let us con-
sider two supernovae 1992P at low-redshift z = 0.026
with m = 16.08 and 1997ap at high-redshift redshift
z = 0.83 with m = 24.32 [1]. As we have already men-
tioned, the luminosity distance is approximately given
by dL(z) ≃ z/H0 for z ≪ 1. Using the apparent mag-
nitude m = 16.08 of 1992P at z = 0.026, we find that
the absolute magnitude is estimated by M = −19.09
from Eq. (42). Here we adopted the value H−10 =
2998h−1Mpc with h = 0.72. Then the luminosity dis-
tance of 1997ap is obtained by substituting m = 24.32
and M = −19.09 for Eq. (42):
H0dL ≃ 1.16 , for z = 0.83 . (43)
From Eq. (41) the theoretical estimate for the luminosity
distance in a two component flat universe is
H0dL ≃ 0.95, Ω(0)m ≃ 1 , (44)
H0dL ≃ 1.23, Ω(0)m ≃ 0.3, Ω(0)Λ ≃ 0.7 . (45)
This estimation is clearly consistent with that required
for a dark energy dominated universe as can be seen also
in Fig. 1.
Of course, from a statistical point of view, one can not
strongly claim that that our universe is really accelerating
by just picking up a single data set. Up to 1998 Perlmut-
ter et al. [supernova cosmology project (SCP)] had dis-
covered 42 SN Ia in the redshift range z = 0.18-0.83 [1],
whereas Riess et al. [high-z supernova team (HSST)] had
found 14 SN Ia in the range z = 0.16-0.62 and 34 nearby
SN Ia [2]. Assuming a flat universe (Ω
(0)
m + Ω
(0)
Λ = 1),
Perlmutter et al. found Ω
(0)
m = 0.28
+0.09
−0.08 (1σ statistical)
+0.05
−0.04 (identified systematics), thus showing that about 70
% of the energy density of the present universe consists
of dark energy.
In 2004 Riess et al. [85] reported the measurement of
16 high-redshift SN Ia with redshift z > 1.25 with the
Hubble Space Telescope (HST). By including 170 previ-
ously known SN Ia data points, they showed that the
universe exhibited a transition from deceleration to ac-
celeration at > 99 % confidence level. A best-fit value of
Ω
(0)
m was found to be Ω
(0)
m = 0.29
+0.05
−0.03 (the error bar is
1σ). In Ref. [86] a likelihood analysis was performed by
including the SN data set by Tonry et al. [87] together
with the one by Riess et al. [85]. Figure 2 illustrates the
observational values of the luminosity distance dL versus
redshift z together with the theoretical curves derived
from Eq. (41). This shows that a matter dominated uni-
verse without a cosmological constant (Ω
(0)
m = 1) does
not fit to the data. A best-fit value of Ω
(0)
m obtained in
a joint analysis of Ref. [86] is Ω
(0)
m = 0.31
+0.08
−0.08, which is
consistent with the result by Riess et al. [85]. See also
Refs. [88] for recent papers about the SN Ia data analysis.
In Ref. [89], a comparison is made of the constraints on
models of dark energy from supernova and CMB observa-
tions. The authors argue that models preferred by these
observations lie in distinct parts of the parameter space
but there is no overlap of regions allowed at the 68%
confidence level. They go on to suggest that this may
indicate unresolved systematic errors in one of the obser-
vations, with supernova observations being more likely to
suffer from this problem due to the very heterogeneous
10
(i)
(ii)
(iii)
(i)
(ii)
(iii)
FIG. 2: The luminosity distance H0dL (log plot) versus the
redshift z for a flat cosmological model. The black points
come from the “Gold” data sets by Riess et al. [85], whereas
the red points show the recent data from HST. Three curves
show the theoretical values of H0dL for (i) Ω
(0)
m = 0, Ω
(0)
Λ = 1,
(ii) Ω
(0)
m = 0.31, Ω
(0)
Λ = 0.69 and (iii) Ω
(0)
m = 1, Ω
(0)
Λ = 0.
From Ref. [86].
nature of the data sets available at the time. Recently
observations of high redshift supernovae from the Super-
Nova Legacy Survey have been released [91]. The survey
has aimed to reduce systematic errors by using only high
quality observations based on using a single instrument
to observe the fields. The claim is that through a rolling
search technique the sources are not lost and data is of
superior quality. Jassal et al. claim that the data set is in
better agreement with WMAP [92]. In other words the
high redshift supernova data from the SNLS (SuperNova
Legacy Survey) project is in excellent agreement with
CMB observations. It leaves open the current state of
supernova observations and their analysis, as compared
to that of the CMB. The former is still in a state of flux
and any conclusions reached using them need to be un-
derstood giving due regard to underlying assumptions.
It should be emphasized that the accelerated expan-
sion is by cosmological standards really a late-time phe-
nomenon, starting at a redshift z ∼ 1. From Eq. (40) the
deceleration parameter, q ≡ −aa¨/a˙2, is given by
q(z) =
3
2
∑
i Ω
(0)
i (1 + wi)(1 + z)
3(1+wi)∑
iΩ
(0)
i (1 + z)
3(1+wi)
− 1 . (46)
For the two component flat cosmology, the universe en-
ters an accelerating phase (q < 0) for
z < zc ≡
(
2Ω
(0)
Λ
Ω
(0)
m
)1/3
− 1 . (47)
When Ω
(0)
m = 0.3 and Ω
(0)
Λ = 0.7, we have zc = 0.67.
The problem of why an accelerated expansion should oc-
cur now in the long history of the universe is called the
“coincidence problem”.
We have concentrated in this section on the use of SN
Ia as standard candles. There are other possible can-
dles that have been proposed and are actively being in-
vestigated. One such approach has been to use FRIIb
radio galaxies [93, 94]. From the corresponding redshift-
angular size data it is possible to constrain cosmologi-
cal parameters in a dark energy scalar field model. The
derived constraints are found to be consistent with but
generally weaker than those determined using Type Ia
supernova redshift-magnitude data.
However, in Ref. [95], the authors have gone further
and developed a model-independent approach (i.e. in-
dependent of assumptions about the form of the dark
energy) using a set of 20 radio galaxies out to a redshift
z ∼ 1.8, which is further than the SN Ia data can reach.
They conclude that the current observations indicate the
universe transits from acceleration to deceleration at a
redshift greater than 0.3, with a best fit estimate of about
0.45, and have best fit values for the matter and dark en-
ergy contributions to Ω in broad agreement with the SN
Ia estimates.
Another suggested standard candle is that of Gamma
Ray Bursts (GRB), which may enable the expansion rate
of our Universe to be measured out to very high redshifts
(z > 5). Hooper and Dodelson [96] have explored this
possibility and found that GRB have the potential to de-
tect dark energy at high statistical significance, but in
the short term are unlikely to be competitive with future
supernovae missions, such as SNAP, in measuring the
properties of the dark energy. If however, it turns out
there is appreciable dark energy at early times, GRB’s
will provide an excellent probe of that regime, and will
be a real complement for the SN Ia data. This is a rapidly
evolving field and there has recently been announced ten-
tative evidence for a dynamical equation of state for dark
energy, based on GRB data out to redshifts of order 5
[97]. It is far too early to say whether this is the correct
interpretation, or whether GRB are good standard can-
dles, but the very fact they can be seen out to such large
redshifts, means that if they do turn out to be standard
candles, they will be very significant complements to the
SN Ia data sets, and potentially more significant.
C. The age of the universe and the cosmological
constant
Another interesting piece of evidence for the existence
of a cosmological constant emerges when we compare the
age of the universe (t0) to the age of the oldest stellar
populations (ts). For consistency we of course require
t0 > ts, but it is difficult to satisfy this condition for a flat
cosmological model with a normal form of matter as we
will see below. Remarkably, the presence of cosmological
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constant can resolve this age problem.
First we briefly mention the age of the oldest stellar ob-
jects have been constrained by a number of groups. For
example, Jimenez et al. [98] determined the age of Globu-
lar clusters in the Milky Way as t1 = 13.5±2Gyr by using
a distance-independent method. Using the white dwarfs
cooling sequence method, Richer et al. [99] and Hansen
et al. [100] constrained the age of the globular cluster M4
to be t1 = 12.7 ± 0.7Gyr. Then the age of the universe
needs to satisfy the lower bound: t0 > 11-12Gyr. As-
suming a ΛCDM model, the most recent WMAP3 data
produces a best fit value of t0 = 13.73
+0.13
−0.17 Gyrs for the
age of the universe [61].
Let us calculate the age of the universe from the Fried-
mann equation (9) with ρ given by (39). We shall con-
sider three contributions: radiation (wr = 1/3), pressure-
less dust (wm = 0) and cosmological constant (wΛ = −1).
Then Eq. (9) is written as
H2 = H20 [Ω
(0)
r (a/a0)
−4 +Ω(0)m (a/a0)
−3
+Ω
(0)
Λ − Ω(0)K (a/a0)−2] , (48)
where Ω
(0)
K ≡ K/(a20H20 ). Then by using Eq. (29) one can
express H in terms of z. The age of the universe is given
by
t0 =
∫ t0
0
dt =
∫ ∞
0
dz
H(1 + z)
=
∫ ∞
0
dz
H0x[Ω
(0)
r x4 +Ω
(0)
m x3 +Ω
(0)
Λ − Ω(0)K x2]1/2
,
(49)
where x(z) ≡ 1+z. It is a good approximation to neglect
the contribution of the radiation term in Eq. (49) since
the radiation dominated period is much shorter than the
total age of the universe. In other words the integral
coming from the region z & 1000 hardly affects the total
integral (49). Hence we set Ω
(0)
r = 0 when we evaluate
t0.
We shall first study the case in which the cosmological
constant is absent (Ω
(0)
Λ = 0). Since Ω
(0)
K = Ω
(0)
m −1 from
Eq. (48), the age of the universe is given by
t0 =
1
H0
∫ ∞
0
dz
(1 + z)2
√
1 + Ω
(0)
m z
. (50)
For a flat universe (Ω
(0)
K = 0 and Ω
(0)
m = 1), we obtain
t0 =
2
3H0
. (51)
From the observations of the Hubble Space Telescope Key
project [101] the present Hubble parameter is constrained
to be
H−10 = 9.776h
−1Gyr , 0.64 < h < 0.80 . (52)
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FIG. 3: The age of the universe (in units of H−10 ) is plotted
against Ω
(0)
m for (i) a flat model with Ω
(0)
m + Ω
(0)
Λ = 1 (solid
curve) and (ii) a open model (dashed curve). We also show
the border t0 = 11 Gyr coming from the bound of the old-
est stellar ages. The region above this border is allowed for
consistency. This constraint strongly supports the evidence
of dark energy.
This is consistent with the conclusions arising from obser-
vations of the CMB [61] and large scale structure [63, 64].
Then Eq. (51) gives t0 = 8-10Gyr, which does not sat-
isfy the stellar age bound: t0 > 11-12Gyr. Hence a flat
universe without a cosmological constant suffers from a
serious age problem.
In an open universe model (Ω
(0)
m < 1), Eq. (50) shows
that the age of the universe is larger than the flat model
explained above. This is understandable, as the amount
of matter decreases, it would take longer for gravita-
tional interactions to slow down the expansion rate to
its present value. In this case Eq. (50) is integrated to
give
H0t0 =
1
1− Ω(0)m
− Ω
(0)
m
2(1− Ω(0)m )3/2
ln
1−
√
1− Ω(0)m
1 +
√
1− Ω(0)m
 ,
(53)
from which we have H0t0 → 1 for Ω(0)m → 0 and
H0t0 → 2/3 for Ω(0)m → 1. As illustrated in Fig. 3, t0
monotonically increases toward t0 = H
−1
0 with the de-
crease of Ω
(0)
m . The observations of the CMB [61] con-
strain the curvature of the universe to be very close to
flat, i.e., |Ω(0)K | = |Ω(0)m − 1| ≪ 1. However, since Ω(0)m ≃ 1
in this case, the age of the universe does not become
larger than the oldest stellar age (see Fig. 3).
The age problem can easily be solved in a flat universe
(K0 = 0) with a cosmological constant (Ω
(0)
Λ 6= 0). In
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this case Eq. (49) gives
H0t0 =
∫ ∞
0
dz
(1 + z)
√
Ω
(0)
m (1 + z)3 +Ω
(0)
Λ
=
2
3
√
Ω
(0)
Λ
ln
1 +
√
Ω
(0)
Λ√
Ω
(0)
m
 , (54)
where Ω
(0)
m +Ω
(0)
Λ = 1. The asymptotic values areH0t0 →
∞ for Ω(0)m → 0 and H0t0 → 2/3 for Ω(0)m → 1. In Fig. 3
we plot the age t0 versus Ω
(0)
m . The age of the universe
increases as Ω
(0)
m decreases. When Ω
(0)
m = 0.3 and Ω
(0)
Λ =
0.7 one has t0 = 0.964H
−1
0 , which corresponds to t0 =
13.1Gyr for h = 0.72. Hence this easily satisfies the
constraint t0 > 11-12Gyr coming from the oldest stellar
populations. Thus the presence of Λ elegantly solves the
age-crisis problem. In [103], the authors manage to go
further and find the solution for the scale factor in a flat
Universe driven by dust plus a component characterized
by a constant parameter of state which dominates in the
asymptotic future.
D. Constraints from the CMB and LSS
The observations related to the CMB [61] and large-
scale structure (LSS) [63, 64] independently support the
ideas of a dark energy dominated universe. The CMB
anisotropies observed by COBE in 1992 and by WMAP
in 2003 exhibited a nearly scale-invariant spectra of pri-
mordial perturbations, which agree very well with the
prediction of inflationary cosmology. However, note that
the best fit power-law flat ΛCDM model obtained from
using only the WMAP data now gives a scalar spectral
tilt of ns = 0.951
+0.015
−0.019, significantly less than scale in-
variant! [61]. The position of the first acoustic peak
around l = 200 constrains the curvature of the universe
to be |1−Ωtotal| = 0.030+0.026−0.025 ≪ 1 [102] as predicted by
the inflationary paradigm. It is worth pointing out that
Weinberg in Ref. [104] provides an analytic expression for
the position of the first peak showing how it depends on
the background distribution of energy densities between
matter and a cosmological constant.
Using the most recent WMAP data [61] with an as-
sumption of constant equation of state wDE = −1 for
dark energy, then combining WMAP and the Super-
nova legacy Survey implies Ω
(0)
K = −0.015+0.02−0,016, consis-
tent with a flat universe. Combining with the HST key
project constraint on H0 provides a tighter constraint,
Ω
(0)
K = −0.010+0.016−0,009 and Ω(0)Λ = 0.72 ± 0.04 (to be com-
pared with earlier pre WMAP3 results Ω
(0)
Λ = 0.69
+0.03
−0.06,
which assumed a flat universe with a prior for the Hubble
constant h = 0.71± 0.076 [105]) .
In Fig. 4 we plot the confidence regions coming from
SN Ia, CMB(WMAP1) and large-scale galaxy cluster-
ing [106] (see Ref. [107] for an earlier work introducing
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the “cosmic triangle”). Clearly the flat universe with-
out a cosmological constant is ruled out. The compi-
lation of three different cosmological data sets strongly
reinforces the need for a dark energy dominated universe
with Ω
(0)
Λ ≃ 0.7 and Ω(0)m ≃ 0.3. Amongst the matter con-
tent of the universe, baryonic matter amounts to only 4
%. The rest of the matter (27 %) is believed to be in the
form of a non-luminous component of non-baryonic na-
ture with a dust like equation of state (w = 0) known as
Cold Dark Matter (CDM). Dark energy is distinguished
from dark matter in the sense that its equation of state
is different (w < −1/3), allowing it to give rise to an
accelerated expansion.
The discussion in this section has been based on the
assumption that the equation of state of dark energy is
constant (wΛ = −1). This scenario, the so called ΛCDM
model, has become the standard model for modern cos-
mology. However, it may be that this is not the true
origin of dark energy. If scalar fields turn out to be re-
sponsible for it, then the equation of state of dark energy
can be dynamical. In order to understand the origin of
dark energy it is important to distinguish between the
cosmological constant and dynamical dark energy mod-
els. The observations of SN Ia alone are still not sufficient
to establish evidence of a dynamically changing equation
of state, but this situation could well improve through
future observations. In a dark energy dominated uni-
verse the gravitational potential varies unlike the case of
matter dominated universe, which leads to an imprint on
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the CMB power spectrum [108]. This phenomenon, the
so called Integrated Sachs-Wolfe (ISW) effect [109], could
also be important in helping to distinguish the cosmologi-
cal constant and dynamical dark energy models, since the
evolution of the gravitational potential strongly depends
upon the dynamical property of the equation of state of
dark energy.
At present the observations of WMAP are perfectly
consistent with a non varying dark energy contributed
by a cosmological constant. Tensions which appeared
to exist between the WMAP and the Gold SN data set
[89] appear to have disappeared in the more recent SNLS
data [91, 92], although it is still early days in the search
for the true nature of the dark energy. However given
the consistency of a true cosmological constant, we shall
first discuss the problem and highlight recent progress
that has been made in determining the existence of a
pure cosmological constant, before proceeding to discuss
dynamical dark energy models in subsequent sections.
IV. COSMOLOGICAL CONSTANT
As mentioned earlier, the cosmological constant Λ, was
originally introduced by Einstein in 1917 to achieve a
static universe. After Hubble’s discovery of the expan-
sion of the universe in 1929, it was dropped by Einstein
as it was no longer required. From the point of view of
particle physics, however, the cosmological constant nat-
urally arises as an energy density of the vacuum. More-
over, the energy scale of Λ should be much larger than
that of the present Hubble constant H0, if it originates
from the vacuum energy density. This is the “cosmolog-
ical constant problem” [45] and was well known to exist
long before the discovery of the accelerated expansion of
the universe in 1998.
There have been a number of attempts to solve this
problem. An incomplete list includes: adjustment mech-
anisms [110, 111], anthropic considerations [44, 47, 112,
113, 114, 115, 116], changing gravity [117], quantum
gravity [118], degenerate vacua [119], higher-dimensional
gravity [120, 121], supergravity [122, 123], string the-
ory [40, 124, 125, 127, 128], space-time foam approach
[129] and vacuum fluctuations of the energy density [130]
(see also [131]). In this section we shall first address
the fine-tuning problem associated with the cosmological
constant Λ. We will then discuss recent progress to con-
struct de-Sitter vacua in the context of string theory [40]
and proceed to discuss several attempts to explain the
origin of Λ.
A. Introduction of Λ
The Einstein tensor Gµν and the energy momentum
tensor T µν satisfy the Bianchi identities ∇νGµν = 0
and energy conservation ∇νT µν = 0. Since the met-
ric gµν is constant with respect to covariant derivatives
(∇αgµν = 0), there is a freedom to add a term Λgµν in
the Einstein equations (see Refs. [132] for a nice discus-
sion on the related theme). Then the modified Einstein
equations are given by
Rµν − 1
2
gµνR+ Λgµν = 8πGTµν . (55)
By taking a trace of this equation, we find that−R+4Λ =
8πGT . Combining this relation with Eq. (55), we obtain
Rµν − Λgµν = 8πG
(
Tµν − 1
2
Tgµν
)
. (56)
Let us consider Newtonian gravity with metric gµν =
ηµν + hµν , where hµν is the perturbation around the
Minkowski metric ηµν . If we neglect the time-variation
and rotational effect of the metric, R00 can be written by
a gravitational potential Φ, as R00 ≃ −(1/2)∆h00 = ∆Φ.
Note that g00 is given by g00 = −1−2Φ. In the relativis-
tic limit with |p| ≪ ρ, we have T00 ≃ −T ≃ ρ. Then the
00 component of Eq. (56) gives
∆Φ = 4πGρ− Λ . (57)
In order to reproduce the Poisson equation in Newto-
nian gravity, we require that Λ = 0 or Λ is sufficiently
small relative to the 4πGρ term in Eq. (57). Since Λ has
dimensions of [Length]−2, the scale corresponding to the
cosmological constant needs to be much larger than the
scale of stellar objects on which Newtonian gravity works
well. In other words the cosmological constant becomes
important on very large scales.
In the FRW background given by (1) the modified Ein-
stein equations (55) give
H2 =
8πG
3
ρ− K
a2
+
Λ
3
, (58)
a¨
a
= −4πG
3
(ρ+ 3p) +
Λ
3
. (59)
This clearly demonstrates that the cosmological constant
contributes negatively to the pressure term and hence
exhibits a repulsive effect.
Let us consider a static universe (a = const) in the
absence of Λ. Setting H = 0 and a¨/a = 0 in Eqs. (9) and
(12), we find
ρ = −3p = 3K
8πGa2
. (60)
Equation (60) shows that either ρ or p needs to be neg-
ative. When Einstein first tried to construct a static
universe, he considered that the above solution is not
physical1 and so added the cosmological constant to the
original field equations (4).
1 We note however that the negative pressure can be realized by
scalar fields.
14
Using the modified field equations (58) and (59) in a
dust-dominated universe (p = 0), we find that the static
universe obtained by Einstein corresponds to
ρ =
Λ
4πG
,
K
a2
= Λ . (61)
Since ρ > 0 we require that Λ is positive. This means
that the static universe is a closed one (K = +1) with a
radius a = 1/
√
Λ. Equation (61) shows that the energy
density ρ is determined by Λ.
The requirement of a cosmological constant to achieve
a static universe can be understood by having a look
at the Newton’s equation of motion (24). Since gravity
pulls the point particle toward the center of the sphere,
we need a repulsive force to realize a situation in which
a is constant. This corresponds to adding a cosmological
constant term Λ/3 on the right hand side of Eq. (24).
The above description of the static universe was aban-
doned with the discovery of the redshift of distant stars,
but it is intriguing that such a cosmological constant
should return in the 1990’s to explain the observed ac-
celeration of the universe.
Introducing the modified energy density and pressure
ρ˜ = ρ+
Λ
8πG
, p˜ = p− Λ
8πG
, (62)
we find that Eqs. (58) and (59) reduce to Eqs. (9) and
(12). In the subsequent sections we shall use the field
equations (9) and (12) when we study the dynamics of
dark energy.
B. Fine tuning problem
If the cosmological constant originates from a vacuum
energy density, then this suffers from a severe fine-tuning
problem. Observationally we know that Λ is of order the
present value of the Hubble parameter H0, that is
Λ ≈ H20 = (2.13h× 10−42GeV)2 . (63)
This corresponds to a critical density ρΛ,
ρΛ =
Λm2pl
8π
≈ 10−47GeV4 . (64)
Meanwhile the vacuum energy density evaluated by the
sum of zero-point energies of quantum fields with mass
m is given by
ρvac =
1
2
∫ ∞
0
d3k
(2π)3
√
k2 +m2
=
1
4π2
∫ ∞
0
dk k2
√
k2 +m2 . (65)
This exhibits an ultraviolet divergence: ρvac ∝ k4. How-
ever we expect that quantum field theory is valid up to
some cut-off scale kmax in which case the integral (65) is
finite:
ρvac ≈ k
4
max
16π2
. (66)
For the extreme case of General Relativity we expect
it to be valid to just below the Planck scale: mpl =
1.22×1019GeV. Hence if we pick up kmax = mpl, we find
that the vacuum energy density in this case is estimated
as
ρvac ≈ 1074GeV4 , (67)
which is about 10121 orders of magnitude larger than the
observed value given by Eq. (64). Even if we take an en-
ergy scale of QCD for kmax, we obtain ρvac ≈ 10−3GeV4
which is still much larger than ρΛ.
We note that this contribution is related to the or-
dering ambiguity of fields and disappears when normal
ordering is adopted. Since this procedure of throwing
away the vacuum energy is ad hoc, one may try to cancel
it by introducing counter terms. However this requires
a fine-tuning to adjust ρΛ to the present energy density
of the universe. Whether or not the zero point energy in
field theory is realistic is still a debatable question.
A nice resolution of the zero point energy is provided
by supersymmetry. In supersymmetric theories every
bosonic degree of freedom has its Fermi counter part
which contributes to the zero point energy with an op-
posite sign compared to the bosonic degree of freedom
thereby canceling the vacuum energy. Indeed, for a field
with spin j > 0, the expression (65) for the vacuum en-
ergy generalizes to
ρvac =
1
2
(−1)2j(2j + 1)
∫ ∞
0
d3k
(2π)3
√
k2 +m2
=
(−1)2j(2j + 1)
4π2
∫ ∞
0
dk k2
√
k2 +m2 . (68)
Exact supersymmetry implies an equal number of
fermionic and bosonic degrees of freedom for a given
value of the mass m such that the net contribution to
the vacuum energy vanishes. It is in this sense that su-
persymmetric theories do not admit a non-zero cosmo-
logical constant. However, we know that we do not live
in a supersymmetric vacuum state and hence it should
be broken today. For a viable supersymmetric scenario,
for instance if it is to be relevant to the hierarchy prob-
lem, the supersymmetry breaking scale should be around
MSUSY ∼ 103GeV. Indeed, the presence of a scalar field
(Higgs field) in the standard model of particle physics
(SM) is necessary to ensure the possibility of a sponta-
neous breakdown of the gauge symmetry.
However, the same scalar field creates what has come
to be known as the “hierarchy problem”. The origin of
this problem lies in the quadratic nature of the diver-
gence of the scalar self-energy arising out of scalar loops.
A way out of this is supersymmetry (SUSY) which as
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we have mentioned demands a fermionic partner for ev-
ery boson and vice versa with the two having the same
mass [133, 134]. Since fermionic loops come with an over-
all negative sign, the divergence in the scalar self energy
due to the scalar loop and its SUSY partner cancel out.
However, particles in nature do not come with degenerate
partners as demanded by SUSY and hence SUSY must
be broken. With a broken SUSY, one of course wants
to ensure that no new scales are introducted between the
electroweak scale of about 246 GeV and the Planck scale.
The superpartners of the Standard Model particles thus
are expected to have masses of the order of TeV. Masses
much lower than this are ruled out from null experimental
results in present day accelerators and specific bounds for
the masses for the various superpartners of SM particles
are available from analysis of experimental data. Theo-
retically, a consistent scheme of spontaneous breakdown
of SUSY is technically far more complicated than in the
non SUSY version. Nevertheless several approaches are
available where this can be achieved.
With supersymmetry breaking around 103GeV, we are
still far away from the observed value of Λ by many or-
ders of magnitudes. At present we do not know how the
Planck scale or SUSY breaking scales are really related
to the observed vacuum scale.
The above cosmological constant problem has led
many many authors to try a different approach to the
dark energy issue. Instead of assuming we have a small
cosmological constant, we ignore it, presume it is zero
due to some as yet unknown mechanism, and investi-
gate the possibility that the dark energy is caused by the
dynamics of a light scalar field. It does not solve the cos-
mological constant problem, but it does open up another
avenue of attack as we will shortly see.
C. Λ from string theory
Recently there has been much progress in constructing
de-Sitter vacua in string theory or supergravity. Accord-
ing to the no-go theorem in Refs. [135, 136] it is not
possible to find de-Sitter solutions only in the presence
of the lowest order terms in the 10 or 11 dimensional
supergravity action. However this situation is improved
when α′ or quantum corrections to the tree-level action
are taken into account or extended objects like D-branes
are present. In fact Kachru, Kallosh, Linde and Trivedi
(KKLT) [40] constructed de-Sitter vacua by incorporat-
ing nonperturbative corrections to a superpotential in
the context of type IIB string theory compactified on
a Calabi-Yau manifold in the presence of flux. The im-
portance of flux to insolving the cosmological constant
problem was originally realized in Ref. [124]. In what
follows we shall briefly discuss the effect of a four-form
gauge flux to construct de-Sitter vacua [124] and then
proceed to the review of the KKLT scenario using flux
compactification.
1. Four-form fluxes and quantization
Let us consider a four-form flux field F 24 = FµνρσF
µνρσ
which appears in M theory. The starting point in
Ref. [124] is a four dimensional gravity action in the pres-
ence of a negative bare cosmological constant −Λb and
the four-form flux field:
S =
∫
d4x
√−g
(
1
2κ2
R+ Λb − 1
2 · 4!F
2
4
)
, (69)
which arises as an effective action arising, e.g., from a
M4 × S7 compactification. The bare cosmological con-
stant is should be negative at the perturbative regime of
string theory if it exists.
The four-form equation of motion, ∇µ(√−gFµνρσ) =
0, gives the solution Fµνρσ = cǫµνρσ, where Fµνρσ is an
antisymmetric tensor with c being constant. Since F 24 =
−24c2, we find that the effective cosmological constant is
given by
Λ = −Λb − 1
48
F 24 = −Λb +
c2
2
. (70)
This shows that it is possible to explain a small value of
Λ provided that the bare cosmological constant is nearly
canceled by the term coming from the four-form flux.
However as long as the contribution of the flux is contin-
uous, one can not naturally obtain the observed value of
Λ.
Bousso and Polchinski tackled this problem by quan-
tizing the value of c [124]. This implies that c is discon-
tinuous as c = nq, where n is an integer. Although a
single flux is not sufficient to explain the small values of
Λ because of the large steps involved, this situation is
improved by considering J multiple fluxes. In this case
an effective cosmological constant is given by
Λ = −Λb + 1
2
J∑
i=1
n2i q
2
i . (71)
It was shown in Ref. [124] that one can explain the ob-
served value of Λ with J of order 100, which is not unreal-
istic. The work of Bousso and Polchinski did not address
the problem of the stabilization of the modulus fields,
but it opened up a new possibility for constructing large
numbers of de-Sitter vacua using fluxes–and this has been
called the “string landscape” [41].
2. The KKLT scenario
KKLT [40] provided a mechanism to construct de-
Sitter vacua of type IIB string theory based on flux com-
pactifications on a Calabi-Yau manifold. They first of all
fixed all the moduli associated with the compactification
in an anti de-Sitter vacua by preserving supersymmetry.
Then they incorporated nonperturbative corrections to
the superpotential to obtain de-Sitter vacua.
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The low energy effective action of string/M-theory in
four dimensions is described by N = 1 supergravity [134]
S =
∫
d4x
√−g
[
M2pl
2
R+ gµνKαβ¯∂µϕ
α∂νϕ¯
β
−eK/M2pl
(
Kαβ¯DαWDβ¯W¯ −
3
M2pl
|W |2
)]
, (72)
where α, β run over all moduli fields ϕ. Here W (ϕα)
and K(ϕα, ϕ¯β) are the superpotential and the Ka¨hler
potential, respectively, and
Kαβ¯ ≡
∂2K
∂ϕα∂ϕ¯β
, DαW ≡ ∂W
∂ϕα
+
W
M2pl
∂K
∂ϕα
. (73)
The supersymmetry is unbroken only for the vacua in
which DαW = 0 for all α, which means that the effective
cosmological constant is not positive from the action (72).
We use the units M2pl = 1 for the rest of this section.
The authors in Ref. [137] adopted the following tree
level functions for K and W in the flux compactification
of Type IIB string theory [137, 138]:
K = −3 ln[−i(ρ− ρ¯)]− ln[−i(τ − τ¯ )]
− ln[−i
∫
M
Ω ∧ Ω¯] , (74)
W =
∫
M
G3 ∧Ω , (75)
where ρ is the volume modulus which includes the volume
of the Calabi-Yau space and an axion coming from the
R-R 4-form C(4), and τ = C(0)+ie
−Φ is the axion-dilaton
modulus. Ω is the holomorphic three-form on the Calabi-
Yau space and G3 is defined by G3 = F3− τH3 where F3
andH3 are the R-R flux and the NS-NS flux, respectively,
on the 3-cycles of the internal Calabi-Yau manifoldM.
Since W is not a function of ρ, we obtain
Kρρ¯DρWDρ¯W¯ = 3|W |2, Then Eq. (72) gives the su-
pergravity potential
V = eK
(
Kij¯DiWDj¯W¯
)
, (76)
where i, j run over all moduli fields except for ρ. The
condition DiW = 0 fixes all complex moduli except for
ρ [137], which gives a zero effective cosmological con-
stant. On the other hand, the supersymmetric vacua
satisfying DρW = 0 gives W = 0, whereas, the non-
supersymmetric vacua yield W =W0 6= 0.
To fix the volume modulus ρ as well, KKLT [40] added
a non-perturbative correction [139] to the superpotential,
which is given by
W =W0 +Ae
iaρ , (77)
where A and a are constants and W0 ≡
∫
G3 ∧ Ω is the
tree level contribution. This correction is actually related
to the effect of brane instantons. Note that the conditions
DiW = 0 are automatically satisfied. For simplicity we
set the axion-dilaton modulus to be zero and take ρ =
iσ. Taking real values of A, a and W0, we find that the
supersymmetric condition DρW = 0 gives
W0 = −Ae−aσc
(
1 +
2
3
aσc
)
, (78)
which fixes the volume modulus ρ in terms of W0. This
produces the anti de-Sitter vacua, that is
VAdS = −3eK |W |2 = −a
2A2e−2aσc
6σc
. (79)
Hence all the moduli are stabilized while preserving su-
persymmetry with a negative cosmological constant.
In order to obtain a de-Sitter vacuum, KKLT intro-
duced an anti-D3 brane in a warped background. Since
fluxes F3 and H3 are also the sources for a warp factor
[137, 138], models with fluxes generically correspond to
a warped compactification, whose metric is given by
ds210 = e
2B(y)gµν(x)dx
µdxν + e−2B(y)g˜mn(y)dymdyn,
(80)
where the factor, eB, can be computed in the regions
closed to a conifold singularity of the Calabi-Yau mani-
fold. This warp factor is exponentially suppressed at the
tip of the throat, depending on the fluxes as
eBmin ∼ exp
(
− 2πN
3gsM
)
, (81)
where gs is the string coupling, integers M and N are
the R-R and NS-NS three-form flux, respectively. While
the warp factor is of order one at generic points in the
y-space, its minimum value can be extremely small for a
suitable choice of fluxes.
The background fluxes generate a potential for the
world-volume scalars of the anti-D3 brane, which means
that they do not introduce additional moduli [140]. The
anti-D3 brane, however, provides an additional energy to
the supergravity potential [40, 140]:
δV =
2b40T3
g4s
1
(Imρ)3
, (82)
where T3 is the brane tension and b0 is the warp factor
at the location of the anti-D3 brane. The anti-D3 brane
energetically prefers to sit at the tip of the throat, giving
b0 = e
Bmin . The total potential is the sum of Eqs. (79)
and (82), that is
V =
2b40T3
g4s
1
(Imρ)3
− a
2A2e−2aσc
6σc
. (83)
Then one can obtain positive cosmological constant by
tuning the flux integers M and N .
The life time of the vacua was found to be larger than
the age of the universe and hence these solutions can be
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considered as stable for practical purposes [40]. Although
a fine-tuning problem of Λ still remains in this scenario,
it is interesting that string theory in principle gives rise to
a stable de-Sitter vacua with all moduli fixed. A remark-
able and somewhat controversial argument about the na-
ture of the cosmological constant problem has developed
recently out of this realisation that there are many possi-
ble de-Sitter vacua. The fact that there are a vast number
of different choices of fluxes leads in principle to a compli-
cated string landscape with more than 10100 vacuum [41].
Surely, the argument goes, it should be possible to find a
vaccua which is identical to the one we live in! In an in-
teresting paper, Liddle and Urena-Lopez have examined
the conditions needed to unify the description of dark
matter, dark energy and inflation within the context of
the string landscape [126]. They claim that incomplete
decay of the inflaton field offers the possibility that a
single field might be responsible for all of inflation, dark
matter and dark energy, whereas, unifying dark matter
and dark energy into a single field which is separate from
the inflaton appears very difficult.
3. Relaxation of Λ in string theory
In Ref. [127], the authors developed an earlier approach
in Refs. [111] to relax the effective cosmological constant
through the nucleation of branes coupled to a three-index
gauge potential. The influence of string theory in the
new approach is important, the brane depends on the
compactification of the extra dimensions which in turn
can provide the required very small quantized unit for
jumps in the effective cosmological term. As well as this
feature, when considering multiple coincident branes, in
Ref. [127], the authors show that the internal degrees
of freedom for such a configuration can dramatically en-
hance tunneling rates by exponentially large density of
states factors.
For consistency, the dynamics of the system must
be such that the cosmological constant relaxes quickly
enough from high energy scales, but today remains sta-
ble on a time scale of the universe, a constraint which
leads to a non-trivial relation between the scale of su-
persymmetry breaking and the value of the cosmological
constant. In particular the constraint becomes
M2SUSY ≤ (10−3eV)(MPlanck), (84)
which rules out large supersymmetry breaking scales for
these relaxation models, with the largest possible scale
still viable in nature. Time will tell whether the relax-
ation mechanism is sufficiently versatile to uniquely pick
out the actual vacuum we live in, but it is certainly a
novel approach to determining it.
4. Λ from a self-tuning universe
In [120], both sets of authors develop an approach to
the cosmological constant problem which relies on the
presence of an extra dimension. Rather than making the
vacuum energy small, this approach proceeds by remov-
ing the gravitational effect of vacuum energy on the ex-
pansion of the universe. Considering Poincare invariant
domain wall (“3-brane”) solutions to some 5-dimensional
effective theories which can arise naturally in string the-
ory, the basic idea behind the models is that the Standard
Model vacuum energy “warps” the higher-dimensional
spacetime while preserving 4D flatness. In the strong
curvature region the size of the extra dimension is ef-
fectively cut off (under certain assumptions about the
nature of the singularity in the strong curvature regime),
giving rise to macroscopic 4D gravity without a cosmo-
logical constant. Although the higher-dimensional grav-
ity dynamics is treated classically, the Standard Model
is fully quantum field-theoretic, leading the authors to
argue that 4D flatness of their solutions is stable against
Standard Model quantum loops and changes to Standard
Model couplings.
In [141], the authors point out how such a self tuning
scenario requires changing of the Friedmann equation of
conventional cosmology, and investigate in the context of
specific toy models of self tuning the difficulties that arise
in obtaining cosmological evolution compatible with ob-
servation in this context. It remains to be seen whether
this mechanism will eventually work, but the idea that by
making the metric insensitive to the value of the cosmo-
logical constant as opposed to trying to make the vacuum
energy small itself is intriguing.
5. Λ through mixing of degenerate vacua
In Refs. [142], the authors suggest a mechanism in
string theory, where the large number N of connected
degenerate vacua that could exist, can lead to a ground
state with much lower energy than that of any individual
vacuum. This is because of the effect of level repulsion in
quantum theory for the wavefunction describing the Uni-
verse. To make it more quantitative, they consider a sce-
nario where initial quantum fluctuations give an energy
density ∼ m2SUSYm2pl, but the universe quickly cascades
to an energy density ∼ m2SUSYm2pl/N . The argument
then proceeds, as the universe expands and undergoes a
series of phase transitions there are large contributions to
the energy density and consequent rearrangement of lev-
els, each time followed by a rapid cascade to the ground
state or near it. The ground state which eventually de-
scribes our world is then a superposition of a large num-
ber of connected string vacua, with shared superselec-
tion sets of properties such as three families etc.. The
observed value of the cosmological constant is given in
terms of the Planck mass, the scale of supersymmetry
breaking and the number of connected string vacua, and
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they argue can quite easily be very small.
D. Causal sets and Λ
String theory is not the only candidate for a quantum
theory of gravity. There are a number of others, and
one in particular is worthy of mention in that it makes
a prediction for the order of magnitude expected of the
cosmological constant. In the context of Causal sets (for
a review of Causal sets see [143]), Sorkin [43], back in
the early 1990’s, predicted that a fluctuating cosmolog-
ical term Λ(x) would arise under the specific modifica-
tion of General Relativity motivated by causal sets. The
predicted fluctuations arise as a residual (and non-local)
quantum effect from the underlying space-time discrete-
ness.
Roughly speaking, the space-time discreteness leads to
a finite numberN of elements, and the space-time volume
V is a direct reflection of N . Now Λ is conjugate to V ,
and fluctuations in V arise from the Poisson fluctuations
in N (which have a typical scale
√
N), implying there
will be ever decreasing fluctuations in Λ given by [43]
∆Λ ∼ 1
∆V ∼
1√V . (85)
This could be used to explain why Λ is not exactly zero
today, but why is it so near to zero? Sorkin addresses
this issue by pointing out that the space-time volume V
is roughly equal to the fourth power of the Hubble radius
H−1. It follows that at all times we expect the energy
density in the cosmological constant to be of order the
critical density ρc, i.e.,
ρΛ ∼ V−1/2 ∼ H2 ∼ ρcrit . (86)
Therefore, the prediction for today’s Λ has the right or-
der of magnitude that agrees with current observations of
the dark energy, and it fluctuates about zero due to the
non-discrete nature of space-time. Interestingly another
prediction is that this agreement is true for all times, im-
plying a kind of scaling (or tracking) behaviour arising
out of causal sets. In [144], this basic paradigm is put to
the test against observations, and appears to have sur-
vived the first set of tests showing evidence of “tracking”
behaviour with no need for fine tuning and consistency
with nucleosynthesis and structure formation constraints.
This is a fascinating idea and certainly deserves further
attention to compare it with more detailed observations,
although of course the actual mechanism to generate the
cosmological constant based on causal sets remains to be
solved.
E. Anthropic selection of Λ
The use of the anthropic principle has generated much
debate in the cosmology community. It has been used
in physics on many occasions to explain some of the ob-
served features of our Universe, without necessarily ex-
plaining the features from an underlying theory. For
many, it is the solution you introduce when you have
given up on finding any physical route to a solution. For
others, it is a perfectly plausible weapon in the physicists
armoury and can be brought out and used when the need
arises.
In a cosmological context, it could be argued that dis-
cussions related to the use of the anthropic principle were
meaningless without an underlying cosmological model,
to place it in context with. The Inflationary Universe
provided such a paradigm and Linde discussed the an-
thropic principle in this context in the famous Proceed-
ings of the Nuffield Symposium in 1982 [145]. In [44], he
proposed a possible anthropic solution to the cosmolog-
ical constant problem. Assuming unsupressed quantum
creation of the universe at the Planck energy density,
he noted that vacuum energy density could be written
as a sum of contributions from the effective potential
of the scalar field V (φ) and that of fluxes V (F ). The
condition for the universe to form was that the sum of
these two terms matched the Planck energy density, i.e.,
V (φ) + V (F ) = 1 in suitable units. However as the uni-
verse inflates, the field slowly rolls to its minimum at
some different value φ0, leaving a different vacuum en-
ergy density Λ = V (φ0)+V (F ). Since V (φ) can take any
value subject to the initial constraint V (φ)+V (F ) = 1, it
leads to a flat probability distribution for the final value
of the cosmological constant Λ = V (φ0) + V (F ) a con-
dition which is required for the anthropic solution of the
cosmological constant problem.
If ever a problem required an anthropic argument to
explain it, then it could well be that the cosmological
constant is that problem. There has been considerable
work in this area over the past twenty or so years [45,
112].
In [115], the authors extended an idea first explored
in [146], the possibility that the dark energy is due to
a potential of a scalar field and that the magnitude and
the slope of this potential in our part of the universe are
largely determined by anthropic selection effects. A class
of models are consistent with observations in that the
most probable values of the slope are very small, implying
that the dark energy density stays constant to very high
accuracy throughout cosmological evolution. However,
in other models, the most probable values of the slope
make it hard to have sufficient slow-roll condition, lead-
ing to a re-collapse of the local universe on a time-scale
comparable to the lifetime of the sun. Such a situation
leads to a rapidly varying effective equation of state with
the redshift, leading to a number of testable predictions
(see also [147] for a related model).
According to the anthropic principle, only specific val-
ues of the fundamental constants of nature can have lead
to intelligent life in our universe. Weinberg [45] was the
first to point out that once the cosmological constant
comes to dominate the dynamics of the universe, then
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structure formation stops because density perturbations
cease to grow. Thus structure formation should be com-
pleted before the domination of vacuum energy, other-
wise there could be no observers now. This leads to the
following bound arising out of an anthropic argument [45]
ρΛ < 500ρ
(0)
m , (87)
which is two orders of magnitude away from the observed
value of the vacuum energy density.
The situation can change if the vacuum energy dif-
fers in different regions of the universe. In this case one
should define a conditional probability density to observe
a given value of ρΛ [46, 47]
dP(ρΛ) = P∗(ρΛ)nG(ρΛ)dρΛ , (88)
where nG(ρΛ) is the average number of galaxies that can
form per unit volume for a given value of the vacuum en-
ergy density and P∗(ρΛ) is the a priori probability den-
sity distribution. For a flat distribution of P∗(ρΛ), it was
shown in Ref. [116] that P(ρΛ) peaks around ρvac ∼ 8ρ(0)m .
There are two important aspects of the anthropic se-
lection, one is related to the prediction of the a priori
probability and the other to the possibility of Λ assum-
ing different values in different regions of the universe.
The existence of a vast landscape of de-Sitter vacua in
string theory makes the anthropic approach especially
interesting. On the other hand, the prediction of a pri-
ori probability arising out of fundamental theory is of
course non-trivial (perhaps impossible!) and this could
perhaps be more difficult than the derivation of an ob-
served value of Λ itself. The anthropic arguments can not
tell us how the present observed scale of Λ is related to
the scales arising in particle physics, e.g., SUSY breaking
scale, but many believe it is important to carry on the in-
vestigation of whether or not the anthropic principle has
real predictive power in the context of the cosmological
constant.
F. A Dynamical Approach to the Cosmological
Constant
In [148] a dynamical approach to the cosmological con-
stant is investigated. The novel feature is that a scalar
field exists which has non-standard kinetic terms whose
coefficient diverges at zero curvature. Moreover, as well
as having the standard kinetic term, the field has a po-
tential whose minimum occurs at a generic, but negative,
value for the vacuum energy. The divergent coefficient of
the kinetic term means that the lowest energy state is
never achieved. Instead, the cosmological constant auto-
matically stalls at or near zero. The authors argue that
the model is stable under radiative corrections, leads to
stable dynamics, despite the singular kinetic term, and
can reduce the required fine-tuning by at least 60 orders
of magnitude. They also point out that the model could
provide a new mechanism for sampling possible cosmo-
logical constants and implementing the anthropic princi-
ple.
G. Observing dark energy in the laboratory ?
At present we do not really know how quantum field
theory could naturally lead to the present observed scale
of cosmological constant. Assuming that we have solved
this problem let us ask whether it is possible to observe
the cosmological constant directly through laboratory ex-
periments? It is a question that is fascinating and has
generated quite a bit of debate. There is no consensus
yet as to the answer.
We remind the reader that so far all the evidence for
the presence of dark energy has been astrophysical in
nature. In fact there is little doubt that vacuum fluctu-
ations are found in nature. One example of their role, is
that they are responsible for the quantum noise found in
dissipative systems, noise which has been detected exper-
imentally. Quantum noise should emerge in a dissipative
system due to uncertainty principal for a simple reason.
Classically, the stable state of a dissipative system corre-
sponds to a zero momentum state which is not permissi-
ble quantum mechanically. Thus quantum noise should
be present in the system which would keep it going [149].
For simplicity let us assume that the vacuum fluctua-
tions are electromagnetic in nature [150]. These fluctu-
ations are then represented by an ideal gas of harmonic
oscillators. Quantum statistical mechanics tells us that
the spectral energy density of the fluctuations with a fre-
quency ν and a temperature T is given by
ρ(ν, T ) = ρ0(ν) + ρrad(ν, T ) , (89)
where
ρ0(ν) =
4πhν3
c3
(90)
corresponds to the zero-point fluctuation, and
ρrad(ν, T ) =
8πhν3
c3
1
exp(hν/kBT )− 1 (91)
describes the thermal fluctuations of a Planck spectrum.
Note that we have explicitly written Planck’s constant
h, the speed of light c and the Boltzmann constant kB
following standard convention.
The energy density ρ0(ν) is formally infinite, so, as
before, we introduce a cut-off ν = νΛ to handle it [150]
ρv ≡
∫ νΛ
0
ρ0(ν)dν =
πh
c3
ν4Λ . (92)
Identifying the vacuum energy density with the observed
value of the dark energy we obtain an estimate for the
cut-off frequency
ν = νΛ ≃ 1.7× 1012 Hz . (93)
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If the vacuum fluctuations are responsible for dark en-
ergy, we should observe a cut-off (93) in the spectrum of
fluctuations.
Let us now briefly describe an experimental set up to
investigate the nature of vacuum fluctuations. Over two
decades ago, Koch et al. carried out experiments with
devices based upon Josephson junctions [151, 152]. They
were interested in obtaining the spectrum of quantum
noise present in their particular experiment that could
remove the thermal part of the noise because it ran at
low temperatures. The results of this experiment are in
agreement with Eq. (89) up to the maximum frequency of
νmax = 6× 1011Hz they could reach in their experiment.
The results of Koch et al. demonstrate the existence
of vacuum fluctuations in the spectrum through the lin-
ear part of the spectrum. However, on the basis of these
findings, we can say nothing about the inter-relation of
vacuum fluctuations to dark energy. We still need to
investigate the spectrum up to frequencies three times
larger than νmax to beat the threshold. And if a cut-off
is observed in the spectrum around νΛ, it will be sug-
gestive that vacuum fluctuations could be responsible for
dark energy. In the next few years it would be possible to
cross the threshold frequency as suggested in Ref. [153]
(see also [154]). The outcome of such an experiment may
be dramatic not only for cosmology but also for string
theory [155]. However, we should remind the reader that
there is some debate as to whether this technique can ac-
tually produce evidence of a Λ in the laboratory. In [156],
Jetzer and Straumann claim that Dark Energy contribu-
tions can not be determined from noise measurements of
Josephson junctions as assumed in [153]. This claim is
then rebutted by Beck and Mackey in [157], with Jetzer
and Straumann arguing against that conclusion in [158]
(see also Ref.[159] on the related theme). Time will tell
who (if either) are correct.
From now on we assume we have solved the underlying
Λ problem. It is zero for some reason and dark energy is
to be explained by some other mechanism. Readers only
interested in a constant Λ, may want to skip to Sec. XIII
on the observational features of dark energy as a way of
testing for Λ.
V. SCALAR-FIELD MODELS OF DARK
ENERGY
The cosmological constant corresponds to a fluid with
a constant equation of state w = −1. Now, the observa-
tions which constrain the value of w today to be close to
that of the cosmological constant, these observations ac-
tually say relatively little about the time evolution of w,
and so we can broaden our horizons and consider a situa-
tion in which the equation of state of dark energy changes
with time, such as in inflationary cosmology. Scalar fields
naturally arise in particle physics including string theory
and these can act as candidates for dark energy. So far
a wide variety of scalar-field dark energy models have
been proposed. These include quintessence, phantoms,
K-essence, tachyon, ghost condensates and dilatonic dark
energy amongst many. We shall briefly describe these
models in this section. We will also mention the Chap-
lygin gas model, although it is different from scalar-field
models of dark energy. We have to keep in mind that
the contribution of the dark matter component needs to
be taken into account for a complete analysis. Their dy-
namics will be dealt with in detail in Sec. VI. In the rest
of the paper we shall study a flat FRW universe (K = 0)
unless otherwise specified.
A. Quintessence
Quintessence is described by an ordinary scalar field
φ minimally coupled to gravity, but as we will see with
particular potentials that lead to late time inflation. The
action for Quintessence is given by
S =
∫
d4x
√−g
[
−1
2
(∇φ)2 − V (φ)
]
, (94)
where (∇φ)2 = gµν∂µφ∂νφ and V (φ) is the potential of
the field. In a flat FRW spacetime the variation of the
action (94) with respect to φ gives
φ¨+ 3Hφ˙+
dV
dφ
= 0 . (95)
The energy momentum tensor of the field is derived by
varying the action (94) in terms of gµν :
Tµν = − 2√−g
δS
δgµν
. (96)
Taking note that δ
√−g = −(1/2)√−ggµνδgµν , we find
Tµν = ∂µφ∂νφ− gµν
[
1
2
gαβ∂αφ∂βφ+ V (φ)
]
. (97)
In the flat Friedmann background we obtain the energy
density and pressure density of the scalar field:
ρ = −T 00 =
1
2
φ˙2 + V (φ) , p = T ii =
1
2
φ˙2 − V (φ) . (98)
Then Eqs. (9) and (12) yield
H2 =
8πG
3
[
1
2
φ˙2 + V (φ)
]
, (99)
a¨
a
= −8πG
3
[
φ˙2 − V (φ)
]
. (100)
We recall that the continuity equation (11) is derived by
combining these equations.
From Eq. (100) we find that the universe accelerates for
φ˙2 < V (φ). This means that one requires a flat potential
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to give rise to an accelerated expansion. In the context
of inflation the slow-roll parameters
ǫ =
m2pl
16π
(
1
V
dV
dφ
)2
, η =
m2pl
8π
1
V
d2V
dφ2
, (101)
are often used to check the existence of an inflationary
solution for the model (94) [70]. Inflation occurs if the
slow-roll conditions, ǫ ≪ 1 and |η| ≪ 1, are satisfied.
In the context of dark energy these slow-roll conditions
are not completely trustworthy, since there exists dark
matter as well as dark energy. However they still pro-
vide a good measure to check the existence of a solution
with an accelerated expansion. If we define slow-roll pa-
rameters in terms of the time-derivatives of H such as
ǫ = −H˙/H2, this is a good measure to check the exis-
tence of an accelerated expansion since they implement
the contributions of both dark energy and dark matter.
The equation of state for the field φ is given by
wφ =
p
ρ
=
φ˙2 − 2V (φ)
φ˙2 + 2V (φ)
. (102)
In this case the continuity equation (11) can be written
in an integrated form:
ρ = ρ0 exp
[
−
∫
3(1 + wφ)
da
a
]
, (103)
where ρ0 is an integration constant. We note that the
equation of state for the field φ ranges in the region −1 ≤
wφ ≤ 1. The slow-roll limit, φ˙2 ≪ V (φ), corresponds to
wφ = −1, thus giving ρ = const from Eq. (103). In the
case of a stiff matter characterized by φ˙2 ≫ V (φ) we
have wφ = 1, in which case the energy density evolves
as ρ ∝ a−6 from Eq. (103). In other cases the energy
density behaves as
ρ ∝ a−m , 0 < m < 6 . (104)
Since wφ = −1/3 is the border of acceleration and decel-
eration, the universe exhibits an accelerated expansion
for 0 ≤ m < 2 [see Eq. (20)].
It is of interest to derive a scalar-field potential that
gives rise to a power-law expansion:
a(t) ∝ tp . (105)
The accelerated expansion occurs for p > 1. From
Eq. (10) we obtain the relation H˙ = −4πGφ˙2. Then
we find that V (φ) and φ˙ can be expressed in terms of H
and H˙ :
V =
3H2
8πG
(
1 +
H˙
3H2
)
, (106)
φ =
∫
dt
[
− H˙
4πG
]1/2
. (107)
Here we chose the positive sign of φ˙. Hence the potential
giving the power-law expansion (105) corresponds to
V (φ) = V0 exp
(
−
√
16π
p
φ
mpl
)
, (108)
where V0 is a constant. The field evolves as φ ∝ ln t. The
above result shows that the exponential potential may be
used for dark energy provided that p > 1.
In addition to the fact that exponential potentials can
give rise to an accelerated expansion, they possess cos-
mological scaling solutions [14, 160] in which the field
energy density (ρφ) is proportional to the fluid energy
density (ρm). Exponential potentials were used in one of
the earliest models which could accommodate a period of
acceleration today within it, the loitering universe [161]
(and see [162] for an example of a loitering universe in
the braneworld context).
In Sec. VI we shall carry out a detailed analysis of the
cosmological dynamics of an exponential potential in the
presence of a barotropic fluid.
The above discussion shows that scalar-field potentials
which are not steep compared to exponential potentials
can lead to an accelerated expansion. In fact the original
quintessence models [10, 15] are described by the power-
law type potential
V (φ) =
M4+α
φα
, (109)
where α is a positive number (it could actually also be
negative [163]) and M is constant. Where does the fine
tuning arise in these models? Recall that we need to
match the energy density in the quintessence field to the
current critical energy density, that is
ρ
(0)
φ ≈ m2plH20 ≈ 10−47 GeV4 . (110)
The mass squared of the field φ is given by m2φ =
d2V
dφ2
≈ ρφ/φ2, whereas the Hubble expansion rate is
given by H2 ≈ ρφ/m2pl. The universe enters a track-
ing regime in which the energy density of the field φ
catches up that of the background fluid when m2φ de-
creases to of order H2 [10, 15]. This shows that the field
value at present is of order the Planck mass (φ0 ∼ mpl),
which is typical of most of the quintessence models. Since
ρ
(0)
φ ≈ V (φ0), we obtain the mass scale
M =
(
ρ
(0)
φ m
α
pl
) 1
4+α
. (111)
This then constrains the allowed combination of α and
M . For example the constraint implies M = 1GeV for
α = 2 [16]. This energy scale can be compatible with
the one in particle physics, which means that the severe
fine-tuning problem of the cosmological constant is alle-
viated. Nevertheless a general problem we always have to
tackle is finding such quintessence potentials in particle
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physics. One of the problems is highlighted in Ref. [12].
The Quintessence field must couple to ordinary matter,
which even if suppressed by the Planck scale, will lead to
long range forces and time dependence of the constants
of nature. There are tight constraints on such forces and
variations and any successful model must satisfy them.
In Sec. VIII we shall present a number of quintessence
models motivated by particle physics.
B. K-essence
Quintessence relies on the potential energy of scalar
fields to lead to the late time acceleration of the universe.
It is possible to have a situation where the accelerated ex-
pansion arises out of modifications to the kinetic energy
of the scalar fields. Originally kinetic energy driven in-
flation, called K-inflation, was proposed by Armendariz-
Picon et al. [23] to explain early universe inflation at
high energies. This scenario was first applied to dark en-
ergy by Chiba et al. [20]. The analysis was extended to
a more general Lagrangian by Armendariz-Picon et al.
[21, 22] and this scenario was called “K-essence”.
K-essence is characterized by a scalar field with a non-
canonical kinetic energy. The most general scalar-field
action which is a function of φ and X ≡ −(1/2)(∇φ)2 is
given by
S =
∫
d4x
√−g p(φ,X) , (112)
where the Lagrangian density p(φ,X) corresponds to a
pressure density. We note that the action (112) includes
quintessence models. Usually K-essence models are re-
stricted to the Lagrangian density of the form [20, 21, 22]:
p(φ,X) = f(φ)pˆ(X) . (113)
One of the motivations to consider this type of La-
grangian originates from string theory [23]. The low-
energy effective string theory generates higher-order
derivative terms coming from α′ and loop corrections
(here α′ is related to the string length scale λs via the re-
lation α′ = λs/2π). The four-dimensional effective string
action is generally given by
S =
∫
d4x
√
−g˜{Bg(φ)R˜ +B(0)φ (φ)(∇˜φ)2
−α′[c(1)1 B(1)φ (φ)(∇˜φ)4 + · · · ] +O(α′2)} ,(114)
where φ is the dilaton field that controls the strength
of the string coupling g2s via the relation g
2
s = e
φ [164].
Here we set κ2 = 8πG = 1. In the weak coupling regime
(eφ ≪ 1) the coupling functions have the dependence
Bg ≃ B(0)φ ≃ B(1)φ ≃ e−φ. As the string coupling becomes
of order unity, the form of the couplings should take more
complicated forms. If we make a conformal transforma-
tion gµν = Bg(φ)g˜µν , the string-frame action (114) is
transformed to the Einstein-frame action [23, 164, 165]:
SE =
∫
d4x
√−g
[
1
2
R +K(φ)X + L(φ)X2 + · · ·
]
,
(115)
where
K(φ) =
3
2
(
1
Bg
dBg
dφ
)2
− B
(0)
φ
Bg
, (116)
L(φ) = 2c
(1)
1 α
′B(1)φ (φ) . (117)
Hence this induces a Lagrangian with noncanonical ki-
netic terms:
p(φ,X) = K(φ)X + L(φ)X2 . (118)
If we make the field redefinition
φnew =
∫ φold
dφ
√
L
|K| , (119)
the Lagrangian (118) transforms into [20]
p(φ,X) = f(φ)(−X +X2) , (120)
where φ ≡ φnew, X ≡ Xnew = (L/|K|)Xold and f(φ) =
K2(φold)/L(φold). This shows that the model given by
(118) falls into the category of K-essence (113) with a
choice pˆ(X) = −X +X2 after an appropriate field defi-
nition.
For the pressure density (120) we find that the energy
density of the field φ is given by
ρ = 2X
∂p
∂X
− p = f(φ)(−X + 3X2) . (121)
Then the equation of state of the field is given by
wφ =
p
ρ
=
1−X
1− 3X . (122)
This shows that wφ does not vary for constant X . For
example we obtain the equation of state of a cosmological
constant (wφ = −1) for X = 1/2. The equation of state
giving rise to an accelerated expansion is wφ < −1/3,
which translates into the condition X < 2/3.
We recall that the energy density ρ satisfies the con-
tinuity equation (11). During the radiation or matter
dominant era in which the equation of state of the back-
ground fluid is wm, the evolution of the Hubble rate is
given by H = 2/[3(1 +wm)(t− t0)] from Eq. (18). Then
the energy density ρ of the field φ satisfies
ρ˙ = − 2(1 + wφ)
(1 + wm)(t− t0)ρ . (123)
For constant X (i.e., constant wφ) the form of f(φ) is
constrained to be
f(φ) ∝ (φ− φ0)−α , α = 2(1 + wφ)
1 + wm
, (124)
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where we used Eqs. (121) and (123).
When wφ = wm the function f(φ) behaves as f(φ) ∝
(φ − φ0)−2 in the radiation or matter dominant era.
This corresponds to the scaling solutions, as we will
see in Sec. VII. In the case of wφ = −1 we find that
f(φ) = const with X = 1/2. This corresponds to the
ghost condensate scenario proposed in Ref. [38]. In order
to apply this to dark energy we need to fine-tune f(φ)
to be of order the present energy density of the universe.
We caution that the above function f(φ) is obtained by
assuming that the energy density of the field is much
smaller than that of the background fluid (ρ ≪ ρm).
Hence this is no longer applicable for a dark energy dom-
inated universe. For example even for f(φ) ∝ (φ−φ0)−2
there exists another solution giving an accelerated ex-
pansion other than the scaling solutions at late times. In
fact this case marks the border between acceleration and
deceleration. We will clarify these issues in Sec. VI.
Equation (122) shows that the kinetic term X plays
a crucial role in determining the equation of state of φ.
As long as X belongs in the range 1/2 < X < 2/3, the
field φ behaves as dark energy for 0 ≤ α ≤ 2. The model
(120) describes one of the examples of K-essence. In fact
Armendariz-Picon et al. [21, 22] extended the analysis
to more general forms of pˆ(X) in Eq. (113) to solve the
coincident problem of dark energy. See Refs. [166] for
various aspects of K-essence.
C. Tachyon field
Recently it has been suggested that rolling tachyon
condensates, in a class of string theories, may have inter-
esting cosmological consequences. Sen [167] showed that
the decay of D-branes produces a pressureless gas with fi-
nite energy density that resembles classical dust (see also
Refs. [168]). A rolling tachyon has an interesting equa-
tion of state whose parameter smoothly interpolates be-
tween −1 and 0 [169]. This has led to a flurry of attempts
being made to construct viable cosmological models us-
ing the tachyon as a suitable candidate for the inflaton
at high energy [170]. However tachyon inflation in open
string models is typically plagued by several difficulties
[171] associated with density perturbations and reheat-
ing2. Meanwhile the tachyon can also act as a source
of dark energy depending upon the form of the tachyon
potential [174, 175, 176, 177, 178, 179]. In what follows
we shall consider the tachyon as a field from which it is
possible to obtain viable models of dark energy.
The effective Lagrangian for the tachyon on a non-BPS
2 We note that these problems are alleviated in D-branes in a
warped metric [172] or in the case of the geometrical tachyon
[173].
D3-brane is described by
S = −
∫
d4xV (φ)
√
− det(gab + ∂aφ∂bφ) , (125)
where V (φ) is the tachyon potential. The effective po-
tential obtained in open string theory has the form [181]
V (φ) =
V0
cosh (φ/φ0)
, (126)
where φ0 =
√
2 for the non-BPS D-brane in the super-
string and φ0 = 2 for the bosonic string. Note that
the tachyon field has a ground state at φ → ∞. There
exists another type of tachyon potential which appears
as the excitation of massive scalar fields on the anti-
D branes [172]. In this case the potential is given by
V (φ) = V0e
1
2m
2φ2 and it has a minimum at φ = 0. In
this review we keep the tachyon potential as general as
possible and will carry out a detailed analysis of the as-
sociated dynamics in Sec. VI.
The energy momentum tensor which follows from the
action (125) has the form
Tµν =
V (φ)∂µφ∂νφ√
1 + gαβ∂αφ∂βφ
− gµνV (φ)
√
1 + gαβ∂αφ∂βφ .
(127)
In a flat FRW background the energy density ρ and the
pressure density p are given by
ρ = −T 00 =
V (φ)√
1− φ˙2
, (128)
p = T ii = −V (φ)
√
1− φ˙2 . (129)
From Eqs. (9) and (11) we obtain the following equa-
tions of motion:
H2 =
8πGV (φ)
3
√
1− φ˙2
, (130)
φ¨
1− φ˙2 + 3Hφ˙+
1
V
dV
dφ
= 0 . (131)
Combining these equations gives
a¨
a
=
8πGV (φ)
3
√
1− φ˙2
(
1− 3
2
φ˙2
)
. (132)
Hence an accelerated expansion occurs for φ˙2 < 2/3.
The equation of state of the tachyon is given by
wφ =
p
ρ
= φ˙2 − 1 . (133)
Now the tachyon dynamics is very different from the
standard field case. Irrespective of the steepness of the
tachyon potential, the equation of state varies between 0
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and−1, in which case the tachyon energy density behaves
as ρ ∝ a−m with 0 < m < 3 from Eq. (103).
One can express V (φ) and φ in terms of H and H˙,
as we did in the case of Quintessence3. From Eqs. (130)
and (132) we find H˙/H2 = −(3/2)φ˙2. Then together
with Eq. (130) we obtain [174]
V =
3H2
8πG
(
1 +
2H˙
3H2
)1/2
, (134)
φ =
∫
dt
(
− 2H˙
3H2
)1/2
. (135)
Then the tachyon potential giving the power-law expan-
sion, a ∝ tp, is
V (φ) =
2p
4πG
(
1− 2
3p
)1/2
φ−2 . (136)
In this case the evolution of the tachyon is given by
φ =
√
2/3p t (where we set an integration constant to
zero). The above inverse square power-law potential
corresponds to the one in the case of scaling solutions
[177, 179], as we will see later. Tachyon potentials which
are not steep compared to V (φ) ∝ φ−2 lead to an accel-
erated expansion. In Sec. VI we will consider the cosmo-
logical evolution for a more general inverse power-law po-
tential given by V (φ) ∝ φ−n. There have been a number
of papers written concerning the cosmology of tachyons.
A fairly comprehensive listing can be seen in Ref. [183].
D. Phantom (ghost) field
Recent observational data indicates that the equa-
tion of state parameter w lies in a narrow strip around
w = −1 and is quite consistent with being below this
value [51, 80]. The scalar field models discussed in the
previous subsections correspond to an equation of state
w ≥ −1. The region where the equation of state is less
than −1 is typically referred to as a being due to some
form of phantom (ghost) dark energy. Specific models
in braneworlds or Brans-Dicke scalar-tensor gravity can
lead to phantom energy [184, 185]. Meanwhile the sim-
plest explanation for the phantom dark energy is pro-
vided by a scalar field with a negative kinetic energy [37].
Such a field may be motivated from S-brane construc-
tions in string theory [186].
Historically, phantom fields were first introduced in
Hoyle’s version of the steady state theory. In adherence
to the perfect cosmological principle, a creation field (C-
field) was introduced by Hoyle to reconcile the model
3 Note that a “first-order formalism” which relates the potential
to the Hubble parameter is given in Ref. [180]
with the homogeneous density of the universe by the cre-
ation of new matter in the voids caused by the expansion
of the universe [187]. It was further refined and refor-
mulated in the Hoyle and Narlikar theory of gravitation
[188] (see also Ref. [189] on a similar theme). The ac-
tion of the phantom field minimally coupled to gravity is
given by
S =
∫
d4x
√−g
[
1
2
(∇φ)2 − V (φ)
]
, (137)
where the sign of the kinetic term is opposite compared
to the action (94) for an ordinary scalar field. Since the
energy density and pressure density are given by ρ =
−φ˙2/2 + V (φ) and p = −φ˙2/2 − V (φ) respectively, the
equation of state of the field is
wφ =
p
ρ
=
φ˙2 + 2V (φ)
φ˙2 − 2V (φ) . (138)
Then we obtain wφ < −1 for φ˙2/2 < V (φ).
As discussed in Sec. II the curvature of the universe
grows toward infinity within a finite time in the universe
dominated by a phantom fluid. In the case of a phantom
scalar field this Big Rip singularity may be avoided if the
potential has a maximum, e.g.,
V (φ) = V0
[
cosh
(
αφ
mpl
)]−1
, (139)
where α is constant [84]. Due to its peculiar properties,
the phantom field evolves towards the top of the potential
and crosses over to the other side. It turns back to exe-
cute a period of damped oscillations about the maximum
of the potential at φ = 0. After a certain period of time
the motion ceases and the field settles at the top of the
potential to mimic the de-Sitter like behavior (wφ = −1).
This behavior is generic if the potential has a maximum,
see e.g., Ref. [83]. In the case of exponential potentials
the system approaches a constant equation of state with
wφ < −1 [190], as we will see in Sec. VI.
Although the above behavior of the phantom field is
intriguing as a “classical cosmological” field, unfortu-
nately phantom fields are generally plagued by severe
Ultra-Violet (UV) quantum instabilities. Since the en-
ergy density of a phantom field is unbounded from be-
low, the vacuum becomes unstable against the produc-
tion of ghosts and normal (positive energy) fields [83].
Even when ghosts are decoupled from matter fields, they
couple to gravitons which mediate vacuum decay pro-
cesses of the type: vacuum → 2 ghosts + 2γ. It was
shown by Cline et al. [191] that we require an unnatu-
ral Lorenz invariance breaking term with cut off of order
∼ MeV to prevent an overproduction of cosmic gamma
rays. Hence the fundamental origin of the phantom field
still poses an interesting challenge for theoreticians. See
Refs. [192] for a selection of papers covering various cos-
mological aspects of phantom fields.
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E. Dilatonic dark energy
We have already mentioned in the previous subsection
that the phantom field with a negative kinetic term has a
problem with quantum instabilities. Let us consider the
stability of perturbations by decomposing the field φ into
a homogeneous part φ0 and a fluctuation δφ, as
φ(t,x) = φ0(t) + δφ(t,x) . (140)
Since we are concerned with the UV instability of the
vacuum, it is not too restrictive to choose a Minkowski
background metric when studying quantum fluctuations,
because we are interested in high energy, short distance
effects.
Let us start with a general Lagrangian density p(φ,X).
Expanding p(X,φ) to second order in δφ it is straight-
forward to find the Lagrangian together with the Hamil-
tonian for the fluctuations. The Hamiltonian is given by
[39]
H = (p,X + 2Xp,XX) (δφ˙)
2
2
+p,X
(∇δφ)2
2
− p,φφ (δφ)
2
2
, (141)
where p,X ≡ ∂p/∂X . It is positive as long as the follow-
ing conditions hold
ξ1 ≡ p,X + 2Xp,XX ≥ 0, ξ2 ≡ p,X ≥ 0, (142)
ξ3 ≡ −p,φφ ≥ 0 . (143)
The speed of sound is given by
c2s ≡
p,X
ρ,X
=
ξ2
ξ1
, (144)
which is often used when we discuss the stability of classi-
cal perturbations, since it appears as a coefficient of the
k2/a2 term (k is a comoving wavenumber). Although
the classical fluctuations may be regarded to be stable
when c2s > 0, the stability of quantum fluctuations re-
quires both ξ1 > 0 and ξ2 ≥ 0. We note that the in-
stability prevented by the condition (143) is essentially
an Infra-Red (IR) instability which is less dramatic com-
pared to the instability associated with the violation of
the condition (142). In fact this IR instability appears in
the context of density perturbations generated in infla-
tionary cosmology. Hence we shall adopt (142) but not
(143) as the fundamental criteria for the consistency of
the theory. These two conditions prevent an instability
related to the presence of negative energy ghost states
which render the vacuum unstable under a catastrophic
production of ghosts and photons pairs [191]. This is es-
sentially an Ultra-Violet instability with which the rate
of production from the vacuum is simply proportional to
the phase space integral on all possible final states.
In the case of a phantom scalar field φ with a potential
V (φ), i.e., p = −X − V (φ), we find that ξ1 = ξ2 =
−1. Hence the system is quantum mechanically unstable
even though the speed of sound is positive (c2s > 0). It
was shown in Ref. [38] that a scalar field with a negative
kinetic term does not necessarily lead to inconsistencies,
provided that a suitable structure of higher-order kinetic
terms are present in the effective theory. The simplest
model that realizes this stability is p = −X + X2 [38].
In this case one has ξ1 = −1 + 6X and ξ2 = −1 + 2X .
When ξ1 > 0 and ξ2 ≥ 0, corresponding to X ≥ 1/2,
the system is completely stable at the quantum level. In
the region of 0 ≤ X < 1/6 one has ξ1 < 0 and ξ2 < 0
so that the perturbations are classically stable due to
the positive sign of c2s. This vacuum state is, however,
generally quantum mechanically unstable.
It is difficult to apply the model p = −X+X2 for dark
energy as it is. This is because the small energy density
of the scalar field relative to the Planck density gives the
condition |X | ≫ X2, in which case one can not ensure
the stability of quantum fluctuations. Instead one may
consider the following dilatonic ghost condensate model:
p = −X + ceλφX2 , (145)
where c is a positive constant. This is motivated by dila-
tonic higher-order corrections to the tree-level action in
low energy effective string theory [39]. We assume that
the dilaton is effectively decoupled from gravity in the
limit φ → ∞. This is the so-called the runaway dilaton
scenario [193] in which the coupling functions in Eq. (114)
are given by
Bg(φ) = Cg +Dge
−φ +O(e−2φ) , (146)
B
(0)
φ (φ) = C
(0)
φ +D
(0)
φ e
−φ +O(e−2φ) . (147)
In this case Bg(φ) and B
(0)
φ (φ) approach constant values
as φ → ∞. Hence the dilaton gradually decouples from
gravity as the field evolves toward the region φ≫ 1 from
the weakly coupled regime.
In the Einstein frame the function K(φ) given by
Eq. (116) also approaches a constant value, whose sign
depends upon the coefficients of Bg(φ) and B
(0)
φ (φ). The
dilatonic ghost condensate model corresponds to nega-
tive K(φ). From Eq. (117) we find that the coefficient
in front of the (∇φ)4 term has a dependence B(1)φ ∝ eλφ
in the dilatonic ghost condensate. Since the eλφ term
in Eq. (145) can be large for φ → ∞, the second
term in Eq. (145) can stabilize the vacuum even if X
is much smaller than the Planck scale. The condition
for quantum stability is characterized by the condition
ceλφX ≥ 1/2 from Eq. (142).
It is worth mentioning that the Lagrangian density
(145) is transformed to Eq. (120) with f(φ) ∝ (φ−φ0)−2
by a field redefinition. In subsection B we showed that
this case has a scaling solution in the radiation or matter
dominating era. This means that dilatonic ghost con-
densate model has scaling solutions. In Sec. VII we will
show this in a more rigorous way and carry out a detailed
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analysis in Sec. VI about the cosmological evolution for
the Lagrangian density (145). The above discussion ex-
plicitly tells us that (dilatonic) ghost condensate models
fall into the category of K-essence.
Gasperini et al. proposed a runaway dilatonic
quintessence scenario [193] in which K(φ) approaches a
positive constant as φ→∞. They assumed the presence
of an exponential potential V (φ) = V0e
−λφ which van-
ishes for φ → ∞. The higher-order kinetic term X2 is
neglected in their analysis. They took into account the
coupling between the field φ and dark matter, since the
dilaton is naturally coupled to matter fields. This model
is also an interesting attempt to explain the origin of dark
energy using string theory.
F. Chaplygin gas
So far we have discussed a number of scalar-field mod-
els of dark energy. There exist another interesting class
of dark energy models involving a fluid known as a Chap-
lygin gas [29]. This fluid also leads to the acceleration of
the universe at late times, and in its simplest form has
the following specific equation of state:
p = −A
ρ
, (148)
where A is a positive constant. We recall that p =
−V 2(φ)/ρ for the tachyon from Eqs. (128) and (129).
Hence the Chaplygin gas can be regarded as a special
case of a tachyon with a constant potential.
The equation of state for the Chaplygin gas can be de-
rived from the Nambu-Goto action for a D-brane moving
in the D + 1 dimensional bulk [194, 195]. For the case
of the moving brane (via the Born-Infeld Lagrangian),
the derivation of the Chaplygin gas equation of state was
first discussed in the context of braneworld cosmologies
in [196].
With the equation of state (148) the continuity equa-
tion (11) can be integrated to give
ρ =
√
A+
B
a6
, (149)
where B is a constant. Then we find the following asymp-
totic behavior:
ρ ∼
√
B
a3
, a≪ (B/A)1/6 , (150)
ρ ∼ −p ∼
√
A a≫ (B/A)1/6 . (151)
This is the intriguing result for the Chaplygin gas. At
early times when a is small, the gas behaves as a pres-
sureless dust. Meanwhile it behaves as a cosmological
constant at late times, thus leading to an accelerated ex-
pansion.
One can obtain a corresponding potential for the Chap-
lygin gas by treating it as an ordinary scalar field φ. Us-
ing Eqs. (148) and (149) together with ρ = φ˙2/2 + V (φ)
and p = φ˙2/2− V (φ), we find
φ˙2 =
B
a6
√
A+B/a6
, (152)
V =
1
2
[√
A+B/a6 +
A√
A+B/a6
]
. (153)
We note that this procedure is analogous to the recon-
struction methods we adopted for the quintessence and
tachyon potentials. Since the Hubble expansion rate is
given by H = (8πρ/3m2pl)
1/2, we can rewrite Eq. (152)
in terms of the derivative of a:
κ√
3
dφ
da
=
√
B
a
√
Aa6 + B
. (154)
This is easily integrated to give
a6 =
4Be2
√
3κφ
A(1− e2
√
3κφ)2
. (155)
Substituting this for Eq. (153) we obtain the following
potential:
V (φ) =
√
A
2
(
cosh
√
3κφ+
1
cosh
√
3κφ
)
. (156)
Hence, a minimally coupled field with this potential is
equivalent to the Chaplygin gas model.
Chaplygin gas provides an interesting possibility for
the unification of dark energy and dark matter. However
it was shown in Ref. [197] that the Chaplygin gas mod-
els are under strong observational pressure from CMB
anisotropies (see also Ref. [30, 198]). This comes from the
fact that the Jeans instability of perturbations in Chap-
lygin gas models behaves similarly to cold dark matter
fluctuations in the dust-dominant stage given by (150)
but disappears in the acceleration stage given by (151).
The combined effect of the suppression of perturbations
and the presence of a non-zero Jeans length gives rise
to a strong integrated Sachs-Wolfe (ISW) effect, thereby
leading to the loss of power in CMB anisotropies. This
situation can be alleviated in the generalized Chaply-
gin gas model introduced in Ref. [31] with p = −A/ρα,
0 < α < 1. However, even in this case the parameter α is
rather severely constrained, i.e., 0 ≤ α < 0.2 at the 95%
confidence level [197]. For further details of the cosmol-
ogy associated with generalized Chaplygin gas models,
see Refs. [199].
VI. COSMOLOGICAL DYNAMICS OF SCALAR
FIELDS IN THE PRESENCE OF A
BAROTROPIC PERFECT FLUID
In order to obtain viable dark energy models, we re-
quire that the energy density of the scalar field remains
subdominant during the radiation and matter dominat-
ing eras, emerging only at late times to give rise to the
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current observed acceleration of the universe. In this
section we shall carry out cosmological dynamics of a
scalar field φ in the presence of a barotropic fluid whose
equation of state is given by wm = pm/ρm. We denote
pressure and energy densities of the scalar field as pφ and
ρφ with an equation of state wφ = pφ/ρφ. Equations (9)
and (10) give
H2 =
8πG
3
(ρφ + ρm) , (157)
H˙ = −4πG(ρφ + pφ + ρm + pm) . (158)
Here the energy densities ρφ and ρm satisfy
ρ˙φ + 3H(1 + wφ)ρφ = 0 , (159)
ρ˙m + 3H(1 + wm)ρm = 0 . (160)
In what follows we shall assume that wm is constant,
which means that the fluid energy is given by ρm =
ρ0a
−3(1+wm). Meanwhile wφ dynamically changes in gen-
eral.
Of particular importance in the investigation of cos-
mological scenarios are those solutions in which the en-
ergy density of the scalar field mimics the background
fluid energy density. Cosmological solutions which satisfy
this condition are called “scaling solutions” [14] (see also
Refs. [163, 200, 201, 202, 203, 204, 205, 206]). Namely
scaling solutions are characterized by the relation
ρφ/ρm = C , (161)
where C is a nonzero constant. As we have already men-
tioned in the previous section, exponential potentials give
rise to scaling solutions and so can play an important role
in quintessence scenarios, allowing the field energy den-
sity to mimic the background being sub-dominant during
radiation and matter dominating eras. In this case, as
long as the scaling solution is the attractor, then for any
generic initial conditions, the field would sooner or later
enter the scaling regime, thereby opening up a new line
of attack on the fine tuning problem of dark energy.
We note that the system needs to exit from the scal-
ing regime characterized by Eq. (161) in order to give
rise to an accelerated expansion. This is realized if the
slope of the field potential becomes shallow at late times
compared to the one corresponding to the scaling solu-
tion [160, 207]. We shall study these models in more
details in Sec. VIII. It is worth mentioning that scal-
ing solutions live on the the border between acceleration
and deceleration. Hence the energy density of the field
catches up to that of the fluid provided that the potential
is shallow relative to the one corresponding to the scaling
solutions. In what follows we shall study the dynamics
of scalar fields in great detail for a variety of dark energy
models. First, we explain the property of an autonomous
system before entering the detailed analysis.
A. Autonomous system of scalar-field dark energy
models
A dynamical system which plays an important role in
cosmology belongs to the class of so called autonomous
systems [14, 209]. We first briefly present some basic def-
initions related to dynamical systems (see also [210, 211]
for a related approach). For simplicity we shall study
the system of two first-order differential equations, but
the analysis can be extended to a system of any num-
ber of equations. Let us consider the following coupled
differential equations for two variables x(t) and y(t):
x˙ = f(x, y, t) , y˙ = g(x, y, t) , (162)
where f and g are the functions in terms of x, y and t.
The system (162) is said to be autonomous if f and g do
not contain explicit time-dependent terms. The dynam-
ics of the autonomous systems can be analyzed in the
following way.
1. Fixed or critical points
A point (xc, yc) is said to be a fixed point or a critical
point of the autonomous system if
(f, g)|(xc,yc) = 0 . (163)
A critical point (xc, yc) is called an attractor when it sat-
isfies the condition
(x(t), y(t))→ (xc, yc) for t→∞ . (164)
2. Stability around the fixed points
We can find whether the system approaches one of the
critical points or not by studying the stability around the
fixed points. Let us consider small perturbations δx and
δy around the critical point (xc, yc), i.e.,
x = xc + δx , y = yc + δy . (165)
Then substituting into Eqs. (162) leads to the first-order
differential equations:
d
dN
(
δx
δy
)
=M
(
δx
δy
)
, (166)
where N = ln (a) is the number of e-foldings which is
convenient to use for the dynamics of dark energy. The
matrix M depends upon xc and yc, and is given by
M =
(
∂f
∂x
∂f
∂y
∂g
∂x
∂g
∂y
)
(x=xc,y=yc)
. (167)
This possesses two eigenvalues µ1 and µ2. The general
solution for the evolution of linear perturbations can be
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written as
δx = C1e
µ1N + C2e
µ2N , (168)
δy = C3e
µ1N + C4e
µ2N , (169)
where C1, C2, C3, C4 are integration constants. Thus the
stability around the fixed points depends upon the na-
ture of the eigenvalues. One generally uses the following
classification [14, 212]:
• (i) Stable node: µ1 < 0 and µ2 < 0.
• (ii) Unstable node: µ1 > 0 and µ2 > 0.
• (iii) Saddle point: µ1 < 0 and µ2 > 0 (or µ1 > 0
and µ2 < 0).
• (iv) Stable spiral: The determinant of the matrix
M is negative and the real parts of µ1 and µ2 are
negative.
A fixed point is an attractor in the cases (i) and (iv),
but it is not so in the cases (ii) and (iii).
B. Quintessence
Let us consider a minimally coupled scalar field φ with
a potential V (φ) whose Lagrangian density is given by
L = 1
2
ǫφ˙2 + V (φ) , (170)
where ǫ = +1 for an ordinary scalar field. Here we also
allow for the possibility of a phantom (ǫ = −1) as we see
in the next subsection. For the above Lagrangian density
(170), Eqs. (157), (158) and (159) read
H2 =
κ2
3
[
1
2
ǫφ˙2 + V (φ) + ρm
]
, (171)
H˙ = −κ
2
2
[
ǫφ˙2 + (1 + wm)ρm
]
, (172)
ǫφ¨+ 3Hφ˙+
dV
dφ
= 0 . (173)
Let us introduce the following dimensionless quantities
x ≡ κφ˙√
6H
, y ≡ κ
√
V√
3H
,
λ ≡ −V,φ
κV
, Γ ≡ V V,φφ
V 2,φ
, (174)
where V,φ ≡ dV/dφ. Then the above equations can be
written in the following autonomous form [14, 203]:
dx
dN
= −3x+
√
6
2
ǫλy2
+
3
2
x
[
(1− wm)ǫx2 + (1 + wm)(1 − y2)
]
, (175)
dy
dN
= −
√
6
2
λxy
+
3
2
y
[
(1− wm)ǫx2 + (1 + wm)(1− y2)
]
, (176)
dλ
dN
= −
√
6λ2(Γ− 1)x , (177)
together with a constraint equation
ǫx2 + y2 +
κ2ρm
3H2
= 1 . (178)
The equation of state wφ and the fraction of the energy
density Ωφ for the field φ is
wφ ≡ pφ
ρφ
=
ǫx2 − y2
ǫx2 + y2
, (179)
Ωφ ≡ κ
2ρφ
3H2
= ǫx2 + y2 . (180)
We also define the total effective equation of state:
weff ≡ pφ + pm
ρφ + ρm
= wm + (1− wm)ǫx2 − (1 + wm)y2 . (181)
An accelerated expansion occurs for weff < −1/3. In this
subsection we shall consider the case of quintessence (ǫ =
+1). We define new variables γφ and γ as γφ ≡ 1 + wφ
and γ ≡ 1 + wm.
1. Constant λ
From Eq. (174) we find that the case of constant λ
corresponds to an exponential potential [14, 203]:
V (φ) = V0e
−κλφ . (182)
In this case Eq. (177) is trivially satisfied because Γ = 1.
One can obtain the fixed points by setting dx/dN = 0
and dy/dN = 0 in Eqs. (175) and (176). We summarize
the fixed points and their stabilities for quintessence (ǫ =
+1) in TABLE I.
The eigenvalues of the matrix M given in Eq. (166)
are as follows.
• Point (a):
µ1 = −3
2
(2 − γ) , µ2 = 3
2
γ . (183)
• Point (b1):
µ1 = 3−
√
6
2
λ , µ2 = 3(2− γ) . (184)
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Name x y Existence Stability Ωφ γφ
(a) 0 0 All λ and γ Saddle point for 0 < γ < 2 0 –
(b1) 1 0 All λ and γ Unstable node for λ <
√
6 1 2
Saddle point for λ >
√
6
(b2) −1 0 All λ and γ Unstable node for λ > −
√
6 1 2
Saddle point for λ < −
√
6
(c) λ/
√
6 [1− λ2/6]1/2 λ2 < 6 Stable node for λ2 < 3γ 1 λ2/3
Saddle point for 3γ < λ2 < 6
(d) (3/2)1/2 γ/λ [3(2− γ)γ/2λ2]1/2 λ2 > 3γ Stable node for 3γ < λ2 < 24γ2/(9γ − 2) 3γ/λ2 γ
Stable spiral for λ2 > 24γ2/(9γ − 2)
TABLE I: The properties of the critical points for the quintessence model (170) with ǫ = +1 for the exponential potential given
by Eq. (182).
• Point (b2):
µ1 = 3 +
√
6
2
λ , µ2 = 3(2− γ) . (185)
• Point (c):
µ1 =
1
2
(λ2 − 6) , µ2 = λ2 − 3γ . (186)
• Point (d):
µ1,2 = −3(2− γ)
4
[
1±
√
1− 8γ(λ
2 − 3γ)
λ2(2− γ)
]
. (187)
In what follows we clarify the properties of the five
fixed points given in TABLE I. Basically we are interested
in a fluid with 0 < γ < 2. The point (a) corresponds to
a fluid dominated solution and is a saddle point since
µ1 < 0 and µ2 > 0. The points (b1) and (b2) are either
an unstable node or a saddle point depending upon the
value of λ. The point (c) is a stable node for λ2 < 3γ,
whereas it is a saddle point for 3γ < λ2 < 6. Since
the effective equation of state is weff = wφ = −1 + λ2/3
from Eqs. (179) and (181), the universe accelerates for
λ2 < 2 in this case. The point (d) corresponds to a
scaling solution in which the energy density of the field
φ decreases proportionally to that of the barotropic fluid
(γφ = γ). Since both µ1 and µ2 are negative for λ
2 >
3γ from Eq. (187), the point (d) is stable in this case.
Meanwhile it is a saddle point for λ2 < 3γ, but this case
is not realistic because the condition, Ωφ ≤ 1, is not
satisfied. We note that the point (d) becomes a stable
spiral for λ2 > 24γ2/(9γ − 2).
In Fig. 5 we show the phase plane plot for λ = 2 and
γ = 1. We note that the trajectories are confined inside
the circle given by x2 + y2 = 1 with y ≥ 0. In this case
the point (c) is a saddle point, whereas the point (d) is a
stable spiral. Hence the late-time attractor is the scaling
solution (d) with x = y =
√
3/8. This behavior is clearly
seen in Fig. 5.
The above analysis of the critical points shows that
one can obtain an accelerated expansion provided that
FIG. 5: The phase plane for λ = 2 and γ = 1. The scalar
field dominated solution (c) is a saddle point at x = (2/3)1/2
and y = (1/3)1/2. Since the point (d) is a stable spiral in
this case, the late-time attractor is the scaling solution with
x = y = (3/8)1/2. From Ref. [14].
the solutions approach the fixed point (c) with λ2 < 2,
in which case the final state of the universe is the scalar-
field dominated one (Ωφ = 1). The scaling solution (d) is
not viable to explain a late-time acceleration. However
this can be used to provide the cosmological evolution
in which the energy density of the scalar field decreases
proportionally to that of the background fluid in either
a radiation or matter dominated era. If the slope of the
exponential potential becomes shallow enough to satisfy
λ2 < 2 near to the present, the universe exits from the
scaling regime and approaches the fixed point (c) giving
rise to an accelerated expansion [160, 207]. This of course
requires an effective λ which changes with time, and we
turn to that case in the next subsection. However before
we do that, we mention that in [208], the authors discuss
the possibility that the field has not yet reached the fixed
point , and argue that (i) even for 2 < λ2 < 3, there is
a non-trivial region of parameter space that can explain
the observed values of the cosmological parameters, such
as the equation of state, and (ii) the fine tuning for these
models, is no worse than in other quintessential scenarios.
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2. Dynamically changing λ
Exponential potentials correspond to constant λ and
Γ = 1. Let us consider a potential V (φ) along which the
field rolls down toward plus infinity with φ˙ > 0. This
means that x > 0 in Eq. (177). Then if the condition,
Γ > 1 , (188)
is satisfied, λ decreases toward 0. Hence the slope of
the potential defined by Eq. (174) becomes flat, thereby
giving rise to an accelerated expansion at late times.
The condition (188) is regarded as the tracking con-
dition under which the energy density of φ eventually
catches up that of the fluid [15]. In order to construct
viable quintessence models, we require that the potential
should satisfy the condition (188). For example, one has
Γ = (n + 1)/n > 1 for the inverse power-law potential
V (φ) = V0φ
−n with n > 0. This means that tracking
behaviour occurs for this potential.
When Γ < 1 the quantity λ increases towards infinity.
Since the potential is steeper than the one corresponding
to scaling solutions, the energy density of the scalar field
becomes negligible compared to that of the fluid. Then
we do not have an accelerated expansion at late times.
In order to obtain dynamical evolution of the system
we need to solve Eq. (177) together with Eqs. (175) and
(176). Although λ is a dynamically changing quantity,
one can apply the discussion of constant λ to this case as
well by considering “instantaneous” critical points [201,
203]. For example, the point (c) in TABLE I dynamically
changes with time, i.e., x(N) = λ(N)/
√
6 and y(N) =
[1 − λ2(N)/6]1/2. When Γ > 1 this point eventually
approaches x(N)→ 0 and y(N)→ 1 with an equation of
state of a cosmological constant (γφ → 0) as λ(N) → 0.
See Refs. [201, 203] for more details.
C. Phantom fields
The phantom field corresponds to a negative kinetic
sign, i.e, ǫ = −1 in Eq. (170). Let us first consider
the exponential potential given by Eq. (182). In this
case Eq. (177) is dropped from the dynamical system.
In Table II we show fixed points for the phantom field.
The points (x, y) = (±1, 0) which exist in the case of
quintessence disappear for the phantom field. The point
(a) corresponds to a saddle point, since the eigenvalues of
the matrix M are the same as in the quintessence case.
The point (b) is a scalar-field dominated solution
whose equation of state is given by
wφ = −1− λ2/3 , (189)
which is less than −1. The eigenvalues of the matrix M
are µ1 = −(λ2 + 6)/2 and µ2 = −λ2 − 3γ, which are
both negative for γ > 0. Hence the fixed point (b) is a
stable node. The scaling solution (c) exists only for the
phantom fluid (γ < 0). The eigenvalues of the matrixM
are
µ1,2 = −3(2− γ)
4
[
1±
√
1− 8γ(λ
2 + 3γ)
λ2(2 − γ)
]
. (190)
When γ < 0 the point (c) is a saddle point for λ2 > −3γ.
In the presence of a non-relativistic dark matter (γ =
1) the system approaches the scalar-field dominated so-
lution (b). Exponential potentials give rise to constant
equation of state wφ smaller than −1 [190]. Then the
universe reaches a Big Rip singularity at which the Hub-
ble rate and the energy density of the universe diverge.
We recall that the phantom field rolls up the potential
hill, which leads to the increase of the energy density.
When the potential of the phantom field is no longer
a simple exponential, the quantity λ can evolve in time.
In this case the point (b) can be regarded as an instan-
taneous critical point. For example, in the case of the
bell-type potential introduced in Eq. (139), λ decreases
to zero as the field settles on the top of the potential.
Hence the equation of state finally approaches wφ = −1.
D. Tachyon fields
The energy density and the pressure density of a
tachyon field are given by Eqs. (128) and (129), with
the tachyon satisfying the equation of motion (131). In
the presence of a barotropic fluid whose equation of state
is γ ≡ 1 + wm = 1 + pm/ρm, Equations (157) and (158)
give
H2 =
κ2
3
 V (φ)√
1− φ˙2
+ ρm
 , (191)
H˙ = −κ
2
2
 φ˙2V (φ)√
1− φ˙2
+ γρm
 . (192)
Let us define the following dimensionless quantities:
x = φ˙ , y =
κ
√
V (φ)√
3H
. (193)
Then we obtain the following autonomous equations [177,
179]
dx
dN
= −(1− x2)(3x−
√
3λy) , (194)
dy
dN
=
y
2
[
−
√
3λxy − 3(γ − x
2)y2√
1− x2 + 3γ
]
, (195)
dλ
dN
= −
√
3λ2xy(Γ− 3/2) , (196)
together with a constraint equation
y2√
1− x2 +
κ2ρm
3H2
= 1 . (197)
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Name x y Existence Stability Ωφ γφ
(a) 0 0 No for 0 ≤ Ωφ ≤ 1 Saddle point 0 –
(b) −λ/
√
6 [1 + λ2/6]1/2 All values Stable node 1 −λ2/3
(c) (3/2)1/2 γ/λ [−3(2− γ)γ/2λ2]1/2 γ < 0 Saddle point for λ2 > −3γ −3γ
λ2
γ
TABLE II: The properties of the critical points for a phantom scalar field (ǫ = −1).
Here λ and Γ are defined by
λ ≡ − V,φ
κV 3/2
, Γ ≡ V V,φφ
V 2,φ
. (198)
The equation of state and the fraction of the energy den-
sity in the tachyon field are given by
γφ = x
2 , Ωφ =
y2√
1− x2 . (199)
Then the allowed range of x and y in a phase plane is
0 ≤ x2 + y4 ≤ 1 from the requirement: 0 ≤ Ωφ ≤ 1.
1. Constant λ
From Eq. (196) we find that λ is constant for Γ = 3/2.
This case corresponds to an inverse square potential
V (φ) =M2φ−2 . (200)
As we showed in the previous section, this potential
gives a power-law expansion, a ∝ tp [see Eq. (136)].
The fixed points for this potential have been obtained in
Refs. [177, 179], and are summarized in Table III. One
can study the stability of the critical points by evaluat-
ing the eigenvalues of the matrix M. We do not present
all the eigenvalues in this review, but note that they are
given in Refs. [177, 179].
The fixed points (a), (b1) and (b2) are not stable,
so they are not a late-time attractor. The point (c) is
a scalar-field dominated solution (Ωφ = 1) with eigen-
values µ1 = −3 + λ2(
√
λ4 + 36 − λ2)/12 and µ2 =
−3γ + λ2(√λ4 + 36 − λ2)/6. Hence this point is stable
for
γ ≥ γs ≡ λ
2
18
(
√
λ4 + 36− λ2) . (201)
In TABLE III the quantity ys is given by
ys =
(√
λ4 + 36− λ2
6
)1/2
. (202)
Since γφ = λ
2y2s/3 for the point (c), an accelerated ex-
pansion occurs for λ2y2s < 2. This translates into the
condition λ2 < 2
√
3 [212].
The point (d) is a scaling solution which exists only
for γ < 1, since Ωφ is given by Ωφ = 3γ/λ
2
√
1− γ. From
the condition Ωφ ≤ 1 we obtain
γ ≤ γs = λ
2
18
(
√
λ4 + 36− λ2) . (203)
The eigenvalues of the matrix M are
µ1,2 =
3
4
[
γ − 2±
√
17γ2 − 20γ + 4 + 48
λ2
γ2
√
1− γ
]
.
(204)
The real parts of µ1 and µ2 are both negative when the
condition (203) is satisfied. When the square root in
Eq. (204) is positive, the fixed point is a stable node.
The fixed point is a stable spiral when the square root in
Eq. (204) is negative. In any case the scaling solution is
always stable for Ωφ < 1, but this is not a realistic solu-
tion in applying to dark energy because of the condition
γ < 1.
The above discussion shows that the only viable late-
time attractor is the scalar-field dominated solution (c).
When the solution approaches the fixed point (c), the
accelerated expansion occurs for λ2 < 2
√
3. Since λ is
given by λ = 2Mpl/M , the condition for an accelerated
expansion gives an energy scale which is close to a Planck
mass, i.e., M & 1.1Mpl ≃ 2.6×1018GeV. The mass scale
M becomes smaller for the inverse power-law potential
V (φ) =M4−nφ−n, as we will see below.
2. Dynamically changing λ
When the potential is different from the inverse square
potential given by Eq. (200), λ is a dynamically changing
quantity. As we have seen in the case of quintessence,
there are basically two cases: (i) λ evolves toward zero, or
(ii) |λ| increases toward infinity. The case (i) is regarded
as the tracking solution in which the energy density of
the tachyon eventually dominates over that of the fluid.
This situation is realized when the following condition is
satisfied [213]
Γ > 3/2 , (205)
which is derived from Eq. (196). When Γ < 3/2 the en-
ergy density of the scalar field becomes negligible com-
pared to that of the fluid.
As an example let us consider the inverse power-law
potential
V (φ) =M4−nφ−n , n > 0 . (206)
Since Γ = (n + 1)/n in this case, the scalar-field energy
density dominates at late-times for n < 2. The system
approaches the “instantaneous” critical point (c) for γ ≥
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Name x y Existence Stability Ωφ γφ
(a) 0 0 All λ and γ Unstable saddle for γ > 0 0 0
Stable node for γ = 0
(b1) 1 0 All λ and γ Unstable node 1 1
(b2) −1 0 All λ and γ Unstable node 1 1
(c) λys/
√
3 ys All λ and γ Stable node for γ ≥ γs 1 λ2y2s/3
Saddle for γ < γs
(d1)
√
γ
√
3γ/λ λ > 0 and γ < γs Stable for Ωφ < 1
3γ
λ2
1√
1−γ γ
(d2) −√γ −√3γ/λ λ < 0 and γ < γs Stable for Ωφ < 1 3γλ2 1√1−γ γ
TABLE III: The critical points for the inverse square potential (200) in the case of tachyon. γs is defined in Eq. (201).
1. In the limit λ → 0 one has x → 0 and y → 1 for
the point (c), which means that slow-roll approximations
can be used at late-times. The slow-roll parameter for
the tachyon is given by [170].
ǫ ≡ − H˙
H2
≃ M
2
pl
2
(
Vφ
V
)2
1
V
=
n2
2
(
Mpl
M
)2
1
(φM)2−n
.
(207)
We find that ǫ decreases for n < 2 as the field evolves
toward large values. The condition for the accelerated
expansion corresponds to ǫ < 1, which gives
φM >
(
n√
2
Mpl
M
)2/(2−n)
. (208)
The present potential energy is approximated as ρ
(0)
c ≃
V (φ0) = M
4/(φ0M)
n ≃ 10−47GeV4. Combining this
relation with Eq. (208) we get
M
Mpl
>
( ρ(0)c
M4pl
)1−n/2(
n√
2
)n1/(4−n) . (209)
While M is close to the Planck scale for n = 2, this
problem is alleviated for smaller n. For example one
has M/Mpl & 10
−20 for n = 1. We note that the solu-
tions approach instantaneous critical points: (xc, yc) =
(λ(N)ys(N)/
√
3, ys(N)) with ys(N) = [(
√
λ(N)4 + 36−
λ(N)2)/6]1/2. This behavior is clearly seen in the numer-
ical simulations in Fig. 6. Thus the discussion of constant
λ can be applied to the case of varying λ after the system
approaches the stable attractor solutions.
There exists another tachyon potential in which the
quantity λ decreases toward zero with oscillations [179].
One example is provided by the potential
V (φ) = V0e
1
2M
2φ2 , (210)
which, for example, appears as an excitation of the mas-
sive state on the anti D-brane [172]. In this case the scalar
field approaches the potential minimum at φ = 0 with os-
cillations, after which the field stabilizes there. Since the
potential energy V0 remains at φ = 0, this works as a
cosmological constant at late-times.
0 . 0
0 . 2 0
0 . 4 0
0 . 6 0
0 . 8 0
1 . 0
1 1 0 0 1 04 1 06 1 08 1 01 0
N
x
y
x c
y
c
FIG. 6: Evolution of the parameters x and y together with the
critical points xc and yc for tachyon with potential V (φ) =
M3φ−1 and a barotropic fluid with γ = 1. We choose initial
conditions xi = 0.8, yi = 5.0 × 10−4 and λi = 1.0. The so-
lution approaches instantaneous critical points whose asymp-
totic values are xc = 0 and yc = 1. From Ref. [179].
There are a number of potentials which exhibit the
behavior |λ| → ∞ asymptotically. For example V (φ) =
M4−nφ−n with n > 2 and V (φ) = V0e−µφ with µ > 0. In
the latter case one has Γ = 1 and dλ/dN = (
√
3/2)λ2xy,
thereby leading to the growth of λ for x > 0. In the limit
λ → ∞ the instantaneous critical point (c) approaches
xc(N) → 1 and yc(N) → 0 with γφ → 1, which means
the absence of an accelerated expansion. Although the
accelerated expansion does not occur at late-times in this
scenario, it is possible to have a temporal acceleration for
λ . 1 and have a deceleration for λ ≫ 1 [179]. If this
temporal acceleration corresponds to the one at present,
the universe will eventually enter the non-accelerating
regime in which the tachyon field behaves as a pressure-
less dust.
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E. Dilatonic ghost condensate
Let us consider the dilatonic ghost condensate model
given by Eq. (145). In this case the pressure density
and the energy density of the field are given by pφ = p =
−X+ceλφX2 and ρφ = 2X∂pφ/∂X−pφ = −X+3ceλφX2
with X = φ˙2/2. Then Eqs. (157), (158) and (159) read
3H2 = −1
2
φ˙2 +
3
4
ceλφφ˙4 + ρm , (211)
2H˙ = φ˙2 − ceλφφ˙4 − (1 + wm)ρm , (212)
φ¨(3ceλφφ˙2 − 1) + 3Hφ˙(ceλφφ˙2 − 1) + 3
4
cλeλφφ˙4 = 0 ,
(213)
where we set κ2 = 1.
Introducing the following quantities
x ≡ φ˙√
6H
, y ≡ e
−λφ/2
√
3H
, (214)
the above equations can written in an autonomous form
dx
dN
=
3
2
x
[
1 + wm + (1 − wm)x2(−1 + cY )− 2cwmx2Y
]
+
1
1− 6cY
[
3(−1 + 2cY )x+ 3
√
6
2
λcx2Y
]
, (215)
dy
dN
= −
√
6
2
λxy +
3
2
y[1 + wm
+(1− wm)x2(−1 + cY )− 2cwmx2Y ] , (216)
where
Y ≡ x
2
y2
= Xeλφ . (217)
The equation of state and the fraction of the energy den-
sity for the field can now be written as
wφ =
1− cY
1− 3cY , (218)
Ωφ = −x2 + 3cx
4
y2
. (219)
In Table IV we present the fixed points for the system
of the dilatonic ghost condensate. The point (a) is not
realistic, since we require a phantom fluid (wm ≤ −1) to
satisfy 0 ≤ Ωφ ≤ 1.
The points (b) and (c) correspond to the dark-energy
dominated universe with Ωφ = 1. The functions f±(λ)
are defined by
f±(λ) ≡ 1±
√
1 + 16/(3λ2) . (220)
The condition (142) for the stability of quantum fluctu-
ations corresponds to cY ≥ 1/2. From Eq. (218) one has
wφ < −1 for cY < 1/2 and wφ > −1 otherwise. The pa-
rameter range of Y for the point (b) is 1/3 < cY < 1/2,
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FIG. 7: Evolution of Ωφ, Ωm, wφ, x
2 and y2 for c = 1, wm = 0
and λ = 0.1 with initial conditions xi = 0.0085 and yi =
0.0085. The solution approaches the scalar-field dominated
fixed point (c) with x2 ≃ 1.834, y2 = 3.561 and Y ≃ 0.515,
Ωφ = 1 and Ωm = 0. The equation of state in the attractor
regime is given by wφ = −0.889. From Ref. [39].
which means that the field φ behaves as a phantom.
The point (c) belongs to the parameter range given by
1/2 < cY < ∞, which means that the stability of quan-
tum fluctuations is ensured. An accelerated expansion
occurs for wφ < −1/3, i.e., cY < 2/3. This corresponds
to the condition λ2f+(λ) < 8/3, i.e., λ <
√
6/3. In the
limit λ → 0 we have cY → 1/2, Ωφ → 1 and wφ → −1
for both points (b) and (c). The λ = 0 case is the origi-
nal ghost condensate scenario proposed in Ref. [38], i.e.,
p = −X + X2. The point (d) corresponds to a scaling
solution characterized by wφ = wm, in which case we do
not have an accelerated expansion unless wm < −1/3.
We shall study the stability of the fixed points in the
case of non-relativistic dark matter (wm = 0) with c = 1.
Numerically the eigenvalues of the matrixM were evalu-
ated in Ref. [212] and it was shown that the determinant
of the matrix M for the point (b) is negative with neg-
ative real parts of µ1 and µ2. Hence the phantom fixed
point (b) is a stable spiral. The point (c) is a stable
node for 0 < λ <
√
3, whereas it is a saddle point for
λ >
√
3. This critical value λ∗ =
√
3 is computed by
setting the determinant of M to be zero. The point (d)
is physically meaningful for λ >
√
3 because of the con-
dition Ωφ < 1, and it is a stable node [212]. Hence the
point (d) is stable when the point (c) is unstable and vice
versa. It was shown in Ref. [214] that this property holds
for all scalar-field models which possess scaling solutions.
We recall that the point (b) is not stable at the quantum
level. The above discussion shows that the only viable
attractor which satisfies the conditions of an accelerated
expansion and the quantum stability is the point (c).
In Fig. 7 we plot the variation of Ωφ, Ωm, wφ, x
2 and
y2 for c = 1, wm = 0 and λ = 0.1. We find that analytic
values of the attractor points agree very well with our
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Name x cY Ωφ wφ
(a) 0 ∞ 3(wm+1)
3wm−1 1/3
(b) −
√
6λf+(λ)
4
1
2
+
λ2f−(λ)
16
1
−8+λ2f−(λ)
8+3λ2f−(λ)
(c) −
√
6λf−(λ)
4
1
2
+
λ2f+(λ)
16
1
−8+λ2f+(λ)
8+3λ2f+(λ)
(d)
√
6(1+wm)
2λ
1−wm
1−3wm
3(1+wm)
2
λ2(1−3wm) wm
TABLE IV: The critical points for the dilatonic ghost condensate model given by (145). Here Y and f±(λ) are defined in
Eqs. (217) and (220).
numerical results.
VII. SCALING SOLUTIONS IN A GENERAL
COSMOLOGICAL BACKGROUND
In the previous section we have seen that there exist
scaling solutions in certain classes of dark energy models.
It is convenient to know the existence of scaling solutions,
since they give the border of acceleration and decelera-
tion. This allows the field energy density to mimic the
background whilst remaining sub-dominant during both
the radiation and matter eras. Although one does not
have an acceleration of the universe at late-times in this
case, it is possible to obtain an accelerated expansion if
a field φ (dark energy) is coupled to a background fluid
(dark matter) [215] (see also Ref. [216]). In this sec-
tion we implement the coupling Q between the field and
the barotropic fluid and derive a general form of the La-
grangian [39] for the existence of scaling solutions. We
note that this includes uncoupled dark energy scenar-
ios discussed in the previous section by taking the limit
Q→ 0.
The existence of scaling solutions has been extensively
studied in a number of cosmological scenarios–including
standard General Relativity (GR), braneworlds [Randall-
Sundrum (RS) and Gauss-Bonnet (GB)], tachyon and
Cardassian scenarios [221]-[228, 229]. In what follows we
present a unified framework to investigate scaling solu-
tions in a general cosmological background characterized
by H2 ∝ ρnT, where ρT is the total energy density. The
GR, RS, GB and Cardassian cases correspond to n = 1,
n = 2, n = 2/3 and n = 1/3, respectively. Our formalism
provides a very generic method to study these solutions
for all known scalar-field dark energy models [231].
A. General Lagrangian for the existence of scaling
solution
We start with the following general 4-dimensional ac-
tion
S =
∫
d4x
√−g
[
M2pl
2
R+ p(X,ϕ)
]
+ Sm(ϕ) , (221)
where X = −gµν∂µϕ∂νϕ/2 is a kinetic term of a scalar
field ϕ. Sm is an action for a matter fluid which is gener-
ally dependent on ϕ. In what follows we set the reduced
Planck mass Mpl to be unity.
Let us consider the following effective Friedmann equa-
tion in a flat FRW background:
H2 = β2nρ
n
T , (222)
where βn and n are constants, and ρT is a total en-
ergy density of the universe. We note that a more gen-
eral analysis can also be undertaken for the case where
H2 ∝ L2(ρT ), where L(ρT ) is a general function of ρT
[232]. We consider a cosmological scenario in which the
universe is filled by the scalar field ϕ with equation of
state wϕ = pϕ/ρϕ and by one type of barotropic perfect
fluid with equation of state wm = pm/ρm. Here the pres-
sure density and the energy density of the field are given
by pϕ = p and ρϕ = 2X∂pϕ/∂X − pϕ.
We introduce a scalar charge σ corresponding to the
coupling between the field ϕ and matter, which is de-
fined by the relation σ = −(1/√−g)δSm/δϕ. Then the
continuity equation for the field ϕ is given by
dρϕ
dN
+ 3(1 + wϕ)ρϕ = −Qρm dϕ
dN
, (223)
where N ≡ ln a and Q ≡ σ/ρm. The energy density ρm
of the fluid satisfies
dρm
dN
+ 3(1 + wm)ρm = Qρm
dϕ
dN
. (224)
We define the fractional densities of ρϕ and ρm as
Ωϕ ≡ ρϕ
(H/βn)2/n
, Ωm ≡ ρm
(H/βn)2/n
, (225)
which satisfy Ωϕ +Ωm = 1 from Eq. (222).
We are interested in asymptotic scaling solutions which
satisfy the relation (161), in which case the fractional
density Ωϕ is constant. We also assume that wϕ and Q
are constants in the scaling regime. Since Eq. (161) is
equivalent to the condition d log ρϕ/dN = d log ρm/dN ,
we obtain the following relation from Eqs. (223) and
(224):
dϕ
dN
=
3Ωϕ
Q
(wm − wϕ) = const. (226)
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Then this gives the scaling behavior of ρϕ and ρm:
dlnρϕ
dN
=
dlnρm
dN
= −3(1 + weff) , (227)
where the effective equation of state is
weff ≡ wφρφ + wmρm
ρφ + ρm
= wm +Ωϕ(wϕ − wm) . (228)
This expression of weff is valid irrespective of the fact
that scaling solutions exist or not. The condition for an
accelerated expansion corresponds to weff < −1/3.
From the definition of X we obtain
2X = H2
(
dϕ
dN
)2
∝ H2 ∝ ρnT . (229)
This means that the scaling property of X is the same as
ρnϕ and ρ
n
m. Then we find
dlnX
dN
= −3n(1 + weff) . (230)
Since pϕ = wϕρϕ scales in the same way as ρϕ, one has
dln pϕ/dN = −3(1+weff). Hence we obtain the following
relation by using Eqs. (226) and (230):
n
∂ ln pϕ
∂ lnX
− 1
λ
∂ ln pϕ
∂ϕ
= 1 , (231)
where
λ ≡ Q1 + wm − Ωϕ(wm − wϕ)
Ωϕ(wm − wϕ) . (232)
Equation (231) gives a constraint on the functional
form of p(X,ϕ) for the existence of scaling solutions:
p(X,ϕ) = X1/n g
(
Xenλϕ
)
, (233)
where g is any function in terms of Y ≡ Xenλϕ. This
expression was first derived in the GR case (n = 1) in
Ref. [39] and was extended to the case of general n in
Ref. [231]. One can easily show that Y is constant along
the scaling solution:
Xenλϕ = Y0 = const . (234)
This property tells us that p is proportional to X1/n by
Eq. (233). This could be a defining property of scaling
solutions which means that the Lagrangian or the pres-
sure density depends upon the kinetic energy alone in the
scaling regime. For an ordinary scalar field it leads to a
constant ratio of the kinetic to potential energy which is
often taken to be a definition of scaling solutions.
In deriving Eq. (233) we assumed that the coupling Q
is a constant in the scaling regime. One can also obtain
a scaling Lagrangian even when the coupling is a free
function of the field ϕ, see Ref. [233]. It was also shown
that we get the Lagrangian (233) by appropriate field
redefinitions. This means that one can always work with
the Lagrangian (233), no matter what kind of coupling
one has in mind.
B. General properties of scaling solutions
Combining Eq. (228) with Eq. (232) we find that the
effective equation of state for scaling solutions is given by
weff =
wmλ−Q
Q+ λ
. (235)
This property holds irrespective of the form of the func-
tion g(Y ). In the case of nonrelativistic dark matter
(wm = 0) we have weff = 0 for Q = 0 and weff → −1 in
the limit Q≫ λ > 0.
From the pressure density (233) we obtain the energy
density ρϕ as ρϕ = X
1/n(2/n − 1 + 2Y g′/g)g, where
a prime denotes a derivative in terms of Y . Then the
equation of state wϕ = pϕ/ρϕ reads
wϕ =
(
2
n
− 1 + 2α
)−1
, (236)
where
α ≡ d log g(Y )
d logY
∣∣∣∣
Y=Y0
. (237)
Using Eqs. (226), (229) and (232), we obtain the following
relation for the scaling solutions:
3H2 =
2(Q+ λ)2
3(1 + wm)2
X . (238)
Then the fractional density (225) of the field ϕ is given
by
Ωϕ =
[
9β2n(1 + wm)
2
2(Q+ λ)2
]1/n
g(Y0)
wϕ
. (239)
By combining Eq. (226) with Eq. (225) together with the
relation wϕ = pϕ/ρϕ, we find that g in Eq. (233) can be
written as
g(Y0) = −Q
(
2
9β2n
)1/n
wϕ
wϕ − wm
(
1 + wm
Q+ λ
)(n−2)/n
.
(240)
Then Eq. (239) yields
Ωϕ =
Q
Q+ λ
1 + wm
wm − wϕ . (241)
Once the functional form of g(Y ) is known, the equation
of state wϕ is determined by Eq. (236) with Eq. (237).
We can then derive the fractional density Ωϕ from
Eq. (241).
For scaling solutions we can define the acceleration pa-
rameter by
−q ≡ a¨a
a˙2
= 1− 3n(1 + wm)λ
2(λ+Q)
. (242)
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When Q = 0 the condition −q > 0 corresponds to wm <
2/(3n) − 1. For example wm < −1/3 for n = 1. In
the case of non-relativistic dark matter (wm = 0), an
accelerated expansion occurs only for n < 2/3 (see for
example [228], for the case of Cardassian cosmology, and
[230] for a discussion of a class of Cardassian scenarios
in terms of dynamical systems). If we account for the
coupling Q, it is possible to get an acceleration even for
n ≥ 2/3. The condition for acceleration is then
Q
λ
>
3n(1 + wm)− 2
2
. (243)
One has Q/λ > 1/2 for wm = 0 and n = 1. We shall
review coupled dark energy scenarios in detail in Sec. IX.
C. Effective potential corresponding to scaling
solutions
By using the results obtained in previous subsections
we can obtain the effective potentials corresponding to
scaling solutions.
1. Ordinary scalar fields
We first study the case in which the Lagrangian density
p is written in the form:
p(X,ϕ) = f(X)− V (ϕ) . (244)
By using Eq. (231) we find that the functions f(X) and
V (ϕ) satisfy
nX
df
dX
− f(X) = − 1
λ
dV
dϕ
− V ≡ C , (245)
where C is a constant. Hence we obtain f = c1X
1/n−C
and V = c2e
−λϕ − C with c1 and c2 being constants.
Then the Lagrangian density is given by
p = c1X
1/n − c2e−λϕ . (246)
This shows that when n = 1 (GR) an exponential
potential corresponds to the one for scaling solutions.
In other cases (n 6= 1) the Lagrangian density (246)
does not have a standard kinetic term, but one can
perform a transformation so that the kinetic term be-
comes a canonical one. By introducing a new variable
φ ≡ eβλϕ, we find Y0 = X˜φ(n−2β)/β/β2λ2 = const,
where X˜ ≡ −gµν∂µφ∂νφ/2. Hence the Lagrangian den-
sity (233) can be rewritten as
p =
Y
1/n
0
φ1/β
g(Y0) = Y
1/n
0
(
X˜
β2λ2Y0
)1/(n−2β)
g(Y0) .
(247)
Since p is proportional to X˜1/(n−2β), the transforma-
tion that gives p ∝ X˜ corresponds to β = (n − 1)/2,
i.e., φ = e(n−1)λϕ/2. Then we have p ∝ φ−2/(n−1) from
Eq. (247), which means that the potential of the field φ
corresponding to scaling solutions is
V (φ) = V0φ
−2/(n−1) , (248)
where V0 is constant. In the case of the RS braneworld
(n = 2) one obtains an inverse square potential V (φ) =
V0φ
−2 [223]. The Gauss-Bonnet braneworld (n = 2/3)
gives the potential V (φ) = V0φ
6, as shown in Ref. [227].
The Cardassian cosmology (n = 1/3) corresponds to the
potential V (φ) = V0φ
3.
2. Tachyon
At first glance the tachyon Lagrangian (129) does
not seem to satisfy the condition for the existence of
scaling solutions given in Eq. (233). However we can
rewrite the Lagrangian (233) by introducing a new field
φ = eβλϕ/(βλ). Since the quantity Y is written as
Y = X˜(βλφ)n/β−2 with X˜ ≡ −gµν∂µφ∂νφ/2, one has
Y = X˜ for β = n/2. Hence the Lagrangian density (233)
yields
p =
(
nλφ
2
)−2/n
X˜1/ng(X˜) , (249)
which corresponds to a system p(X˜, φ) = V (φ)f(X˜) with
potential
V (φ) = V0φ
−2/n , (250)
and f(X˜) = X˜1/ng(X˜). We note that the tachyon La-
grangian density (129) is obtained by choosing
g(Y ) = −cY −1/n
√
1− 2Y . (251)
When n = 1 (GR), Eq. (250) gives the inverse square
potential V (φ) = V0φ
−2. We have earlier studied the
dynamics of this system in Sec. VI. We also have V (φ) =
V0φ
−1 for n = 2 (RS), V (φ) = V0φ−3 for n = 2/3 (GB),
and V (φ) = V0φ
−6 for n = 1/3 (Cardassian cosmology).
3. Dilatonic ghost condensate
The dilatonic ghost condensate model (145) does not
have a potential. Let us consider the GR case (n = 1) in
this model. The Lagrangian density (145) is derived by
choosing g(Y ) = −1 + cY in Eq. (233). Then by using
the relations obtained in subsections A and B, we find
cY0 = −2Q(Q+ λ)− 3(1− w
2
m)
3(1 + wm)(1− 3wm) , (252)
and
wϕ =
−3(1 + wm)wm +Q(Q+ λ)
−3(1 + wm) + 3Q(Q+ λ) , (253)
Ωϕ =
3(1 + wm) [1 + wm −Q(Q+ λ)]
(Q+ λ)2(1 − 3wm) . (254)
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The condition for an accelerated expansion (243) gives
Q/λ > (1 + 3wm)/2 for n = 1. The stability of quan-
tum fluctuations discussed in Sec. VI requires cY0 ≥ 1/2,
which translates into the condition Q(Q + λ) ≤ 3(1 +
wm)
2/4. One can obtain viable scaling solutions if the
coupling Q satisfies both conditions.
D. Autonomous system in Einstein gravity
In this subsection we shall derive autonomous equa-
tions for the Lagrangian density (233) with n = 1 (GR),
i.e., p = Xg(Xeλϕ). In this case the energy density of the
field ϕ is given by ρϕ = p(1+2Y g
′/g). We introduce two
quantities x ≡ ϕ˙/(√6H) and y ≡ e−λϕ/2/(√3H). Us-
ing Eqs. (222), (223) and (224), we obtain the following
autonomous equations [212, 214, 234]
dx
dN
=
3x
2
[
1 + gx2 − wm(Ωϕ − 1)−
√
6
3
λx
]
+
√
6A
2
[
(Q+ λ)Ωϕ −Q−
√
6(g + Y g′)x
]
,(255)
dy
dN
=
3y
2
[
1 + gx2 − wm(Ωϕ − 1)−
√
6
3
λx
]
, (256)
where A ≡ (g + 5Y g′ + 2Y 2g′′)−1. We note that Ωϕ and
wϕ are given by
Ωϕ = x
2(g + 2Y g′) , wϕ =
g
g + 2Y g′
. (257)
Since ∂p/∂X = g + Y g′, we find
wϕ = −1 + 2x
2
Ωϕ
∂p
∂X
. (258)
Eq. (258) shows that the field behaves as a phantom
(wϕ < −1) for ∂p/∂X < 0.
Equation (238) means that there exists the following
scaling solution for any form of the function g(Y ):
x =
√
6(1 + wm)
2(Q+ λ)
. (259)
In fact it is straightforward to show that this is one
of the critical points for the autonomous system given
by Eqs. (255) and (256). We recall that the effective
equation of state weff is also independent of g(Y ), see
Eq. (235). While x and weff do not depend on the form
of g(Y ), Ωϕ and wϕ remain undetermined unless we spec-
ify the Lagrangian.
VIII. THE DETAILS OF QUINTESSENCE
In this section we shall discuss various aspects of
quintessence such as the nucleosynthesis constraint,
tracking behavior, assisted quintessence, particle physics
models and quintessential inflation.
A. Nucleosynthesis constraint
The tightest constraint on the energy density of dark
energy during a radiation dominated era comes from pri-
marily nucleosynthesis. The introduction of an extra de-
gree of freedom (on top of those already present in the
standard model of particle physics) like a light scalar field
affects the abundance of light elements in the radiation
dominated epoch. The presence of a quintessence scalar
field changes the expansion rate of the universe at a given
temperature. This effect becomes crucial at the nucle-
osynthesis epoch with temperature around 1MeV when
the weak interactions (which keep neutrons and protons
in equilibrium) freeze-out.
The observationally allowed range of the expansion
rate at this temperature leads to a bound on the energy
density of the scalar field [13]
Ωφ(T ∼ 1MeV) < 7∆Neff/4
10.75 + 7∆Neff/4
, (260)
where 10.75 is the effective number of standard model
degrees of freedom and ∆Neff is the additional relativis-
tic degrees of freedom. A conservative bound on the
additional degrees of freedom used in the literature is
∆Neff ≃ 1.5 [235], whereas a typical one is given by
∆Neff ≃ 0.9 [236]. Taking a conservative one, we ob-
tain the following bound
Ωφ(T ∼ 1MeV) < 0.2 . (261)
Any quintessence models need to satisfy this constraint
at the epoch of nucleosynthesis. We note that Bean et
al. [237] obtained a tighter constraint Ωφ(T ∼ 1MeV) <
0.045 with the use of the observed abundances of primor-
dial nuclides.
As we have already seen in Sec. VI, the exponential
potential (182) possesses the following two attractor so-
lutions in the presence of a background fluid:
(1) λ2 > 3γ : the scalar field mimics the evolution
of the barotropic fluid with γφ = γ, and the relation
Ωφ = 3γ/λ
2 holds.
(2) λ2 < 3γ: the late time attractor is the scalar field
dominated solution (Ωφ = 1) with γφ = λ
2/3.
The case (1) corresponds to a scaling solution in which
the field energy density mimics that of the background
during radiation or matter dominated era, thus alleviat-
ing the problem of a cosmological constant. If this scaling
solution exists by the epoch of nucleosynthesis (γ = 4/3),
the constraint (261) gives
Ωφ =
4
λ2
< 0.2 → λ2 > 20 . (262)
In this case, however, one can not have an accelerated
expansion at late times, since the equation of state of the
field is the same as that of the background. In order to
lead to a late-time acceleration, the scaling solution (1)
needs to exit to the scalar-field dominated solution (2)
near to the present. In the next subsection we shall ex-
plain quintessence models which provide this transition.
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FIG. 8: Evolution of the energy density ρφ for λ = 20 and
µ = 0.5. The background energy density ρmatter + ρradiation
is plotted as a dotted line. Even when ρφ is larger than
ρmatter + ρradiation at the initial stage, the solutions approach
the scaling regime in which the scalar field energy density
is subdominant and tracks the background fluid. We thank
Nelson J. Nunes for providing us this figure.
B. Exit from a scaling regime
In order to realize the exit from the scaling regime
explained above, let us consider the following double ex-
ponential potential [160, 238]
V (φ) = V0
(
e−λκφ + e−µκφ
)
, (263)
where λ and µ are positive. Such potentials are expected
to arise as a result of compactifications in superstring
models, hence are well motivated (although there remains
an issue over how easy it is to obtain the required values
of µ and λ). We require that λ satisfies the condition
(262) under which the energy density of the field mim-
ics the background energy density during radiation and
matter dominated eras. When µ2 < 3 the solution exits
from the scaling regime and approaches the scalar-field
dominated solution (2) with Ωφ = 1. The accelerated
expansion is realized at late times if µ2 < 2.
There is an important advantage to the above double
exponential potential. For a wide range of initial condi-
tions the solutions first enter the scaling regime, which is
followed by an accelerated expansion of the universe once
the potential becomes shallow. This behavior is clearly
seen in Fig. 8. Interestingly it is acceptable to start with
the energy density of the field φ larger than that of radia-
tion and then approach a subdominant scaling attractor.
Another model which is related to (263) was suggested
by Sahni and Wang [207]:
V (φ) = V0 [cosh(κλφ) − 1]n . (264)
This potential has following asymptotic forms:
V (φ) ≃
{
V˜0e
−nκλφ (|λφ| ≫ 1, φ < 0) ,
V˜0(κλφ)
2n (|λφ| ≪ 1) , (265)
where V˜0 = V0/2
n. Then the field energy density pro-
portionally decreases to that of radiation and matter for
|λφ| ≫ 1, in which Ωφ is given by Ωφ = 3γ/n2λ2. As the
field approaches the potential minimum at φ = 0, the
system exists from the scaling regime. During the oscil-
latory phase in which the potential is given by (265), the
virial theorem gives the time-averaged relation 〈φ˙2/2〉 =
n〈V (φ)〉. Then the average equation of state for the field
φ is
〈wφ〉 = n− 1
n+ 1
. (266)
When n < 1/2 the field can satisfy the condition for
an accelerated expansion (〈wφ〉 < −1/3). In fact it
was shown in Ref. [207] that tracking solutions which
give the present-day values Ωφ ≃ 0.7 and Ωm ≃ 0.3
can be obtained for a wide range of initial conditions.
The field behaves as non-relativistic matter (〈wφ〉 = 0)
for n = 1. This scalar field can give rise to a tracking
“scalar cold dark matter” if the mass of dark matter is
mCDM ∼ 10−26GeV [239]. An interesting attempt of
unified description of dark matter and dark energy with
a real scalar field is made in Ref.[240].
Albrecht and Skordis [241] have developed an interest-
ing model which can be derived from string theory, in
that they claim the parameters are all of order one in
the underlying string theory. The potential has a local
minimum which can be adjusted to have today’s criti-
cal energy density value (this is where the fine tuning is
to be found as in all Quintessence models). The actual
potential is a combination of exponential and power-law
terms:
V (φ) = V0e
−κλφ [A+ (κφ−B)2] . (267)
For early times the exponential term dominates the dy-
namics, with the energy density of φ scaling as radiation
and matter. For suitable choices of the parameters the
field gets trapped in the local minimum because the ki-
netic energy during a scaling regime is small. The field
then enters a regime of damped oscillations leading to
wφ → −1 and an accelerating universe.
C. Assisted quintessence
So far we have discussed the case of single-field
quintessence. In early universe inflation it is known that
multiple scalar fields with exponential potentials lead to
the phenomenon of assisted inflation [242] whereby they
collectively drive inflation even if each field has too steep
a potential to do so on its own. This property also holds
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in the context of quintessence with steep exponential po-
tentials [160, 244, 245] (see also Ref. [246]). Here we shall
briefly discuss the dynamics of assisted quintessence.
We consider two fields φ1 and φ2 each with a separate
exponential potential
V (φ1, φ2) = Ae
−κλ1φ1 +Be−κλ2φ2 , (268)
where we do not implement interactions between fields.
Note that such multi-field models may have a link
to time-dependent compactifications of supergravity
on symmetric (or twisted product) spaces, see e.g.,
Refs. [243]. The original assisted inflation scenario of
Liddle et al. [242] corresponds to the case in which no
matter is present, which gives an effective coupling
1
λ2eff
=
1
λ21
+
1
λ22
. (269)
Since the effective equation of state is given by γeff =
λ2eff/3, the scale factor evolves as a ∝ tp, where p =
2/λ2eff . Hence an accelerated expansion occurs for λeff <√
2 even when both λ1 and λ2 are larger than
√
2.
Lets us take into account a barotropic fluid with an
EOS given by γ = 1 + wm. In the single field case the
fixed points (c) and (d) in Table I are stable depending
on the values of λ and γ. By replacing λ to λ1 and λ2, we
can obtain corresponding fixed points in the multi-field
case [244, 245]. Once a second field is added, the new
degrees of freedom always render those solutions unsta-
ble. The late-time attractors instead become either the
assisted scalar-field dominated solution with γφ = λ
2
eff/3
and Ωφ = 1 (stable for λ
2
eff < 3γ) or the assisted scal-
ing solution with γφ = γ and Ωφ = 3γ/λ
2
eff (stable for
λ2eff > 3γ).
If there are a large number of exponential potentials
with different initial conditions, more and more fields
would join the assisted quintessence attractor, which re-
duces λeff . Eventually the attractor can switch from the
scaling regime λ2eff > 3γ into the regime of scalar field
dominance λ2eff < 3γ [244, 245]. This realizes an acceler-
ated expansion at late-times, but we still have a fine-
tuning problem to obtain a sufficiently negative value
of EOS satisfying the current observational constraint
(wφ . −0.8).
In Ref. [214] a general analysis was given for scalar-field
models which possess scaling solutions. Let us consider n
scalar fields (φ1, φ2, · · · , φn) with the Lagrangian density:
p =
n∑
i=1
Xig(Xie
λiφi) , (270)
where Xi = −gµν∂µφi∂νφi/2 and g is an arbitrary func-
tion. It was shown that the scalar fominant fixed point
exists for this system with an equation of state:
wφ = −1 + λ
2
eff
3p,X
, (271)
where λ2eff is given by [214]
1
λ2eff
=
n∑
i=1
1
λ2i
. (272)
Here p,X = g(Y ) + Y g
′(Y ) where Y ≡ Y1 = Y2 = · · · =
Yi = · · · = Yn with Yi ≡ Xieλiφi .
The presence of multiple scalar fields leads to the de-
crease of the effective λ2eff relative to the single-field case.
Since the quantity p,X is not affected by introducing more
scalar fields [214], the presence of many scalar fields works
to shift the equation of state toward wφ = −1. Thus for
a non-phantom scalar field (pX > 0) assisted accelera-
tion always occurs for all scalar-field models which have
scaling solutions.
D. Particle physics models of Quintessence
1. Supergravity inspired models
We turn our attention to the thorny issue of find-
ing examples of Quintessence in particle physics. Re-
call, one of the constraints we need to satisfy is that the
Quintessence potential remains flat enough so that we
can have slow roll inflation today, or some mechanism to
trap the scalar field today. One of the most interesting
approaches is to be found in Refs. [247, 248] (see also
[249, 250]). In Ref. [247], Townsend considered the pos-
sibility of Quintessence arising in M-theory. He demon-
strated that there is a version ofN = 8, D = 4 supergrav-
ity that has a positive exponential potential, obtainable
from a “non-compactification” of M-theory, and this po-
tential can lead to an accelerating cosmological solution
that realizes “Eternal Quintessence”.
There is a problem that such models need to be able to
address. To derive a Quintessence model from string/M-
theory, we would expect that any D = 4 dimensional
solution should be a solution of D = 11 supergravity
or IIB D = 10 supergravity. Unfortunately this is not
so straightforward. There exists a no-go theorem due
to Gibbons [135] (more recently extended by Maldacena
and Nun˜ez [136]), which states that when the six or seven
dimensional “internal” space is a time-independent non-
singular compact manifold without boundary there can
not be a scalar field with a positive potential, hence ruling
out the possibility of late-time acceleration in any effec-
tive D = 4 supergravity model based on an embedding
in D = 11 or D = 10 supergravity.
The basic problem concerns the strong energy condi-
tion in going from D spacetime dimensions to d < D
spacetime dimensions under a general warped compacti-
fication on a compact non-singular manifold of dimension
n = D−d. If the non-singular D-dimensional metric can
be written in the form
ds2D = f(y)ds
2
d(x) + ds
2
n(y) , (273)
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where y is the compact dimension, then the positivity of
R00 (the Ricci tensor in D dimensions) implies positiv-
ity of r00 (the Ricci tensor in d dimensions). Hence for
such compactifications, the strong energy condition in D
spacetime dimensions implies that the strong energy con-
dition holds in spacetime dimension d < D. From Ein-
stein equations this then implies |g00|V (φ) ≤ (d − 2)φ˙2,
and hence the scalar field potential must satisfy V (φ) ≤ 0
if initial conditions can be chosen such that φ˙ = 0. This
fact that the d-dimensional strong energy condition for-
bids an accelerating d-dimensional universe was empha-
sised in Refs. [251, 252], in showing how difficult it is
to embed accelerating cosmologies into string/M-theory,
where the strong energy condition is satisfied by both
D = 11 supergravity and IIB D = 10 supergravity.
There exist a number of ways of avoiding the no-go
theorem and these have been exploited to come up with
Quintessence scenarios within string/M-theory. One
route is to have a “compactifying” space that is actu-
ally non-compact [253]. In Ref. [247], Townsend adopted
this approach and showed that a particular non-compact
gauged N = 8, D = 4 supergravity, obtainable from a
warped “non-compactification” of M-theory, has a posi-
tive exponential potential leading to an accelerating uni-
verse, with an equation of state p = −(7/9) ρ. Of course,
it leaves open the question of how realistic are these
classes of non-compactified theories, a question we will
not address here.
Another way round the problem is to allow the com-
pact dimension to be time-dependent. A number of au-
thors have adopted this approach, but in Ref. [248] the
authors pointed out that in order to have a transient
period of acceleration in the Einstein frame in D = 4
dimensions, what is required is a hyperbolic compact in-
ternal space evolving in time (because the analogous so-
lution of the vacuum Einstein equations for an internal
manifold of positive curvature does not allow accelera-
tion). The advantages of such compactifications have
been discussed in Refs. [254, 255]. Of course, as with
all Quintessence models to date, all is not rosy for this
class of time dependent Hyperbolic space solutions. In
[256] the authors developed a four-dimensional interpre-
tation of the solutions with a transient accelerating phase
obtained from compactification in hyperbolic manifolds.
The solutions correspond to bouncing the radion field off
its exponential potential, with acceleration occuring at
the turning point, when the radion stops and the poten-
tial energy momentarily dominates. There is a degree
of fine tuning involved in establishing the radion field
is close enough to the turning point for sufficient infla-
tion to occur. Moreover, in this interpretation in terms
of the four dimensional effective theory, the precursor of
the inflationary phase is a period of kinetic domination,
whereas we believe the Universe was matter dominated
before it became dominated by the Quintessence field.
Another problem has been highlighted in [257] where the
authors studied the time evolution of the correspond-
ing effective 4d cosmological model this time including
cold dark matter. They concluded that even though it
is marginally possible to describe the observational data
for the late-time cosmic acceleration in this model, dur-
ing the compactification of 11d→ 4d the Compton wave-
lengths of the Kaluza Klein modes in this model are of
the same order as the size of the observable part of the
universe. This problem has yet to be resolved. Even so,
assuming there is a resolution it is encouraging that it
is possible to obtain late time inflationary solutions in
M-theory. Another serious problem associated with the
approach under consideration is related to the fact that
masses of KK-modes in this class of models are of the
order of the present value of Hubble parameter [257].
An interesting and possibly one of the most promising
approaches to addressing the origin of dark energy in
particle physics is due to Burgess and Quevedo along
with their collaborators [123, 258, 259, 260, 261, 262,
263, 264, 265, 266]. The key idea is that the presence of
two large extra dimensions (they consider 6-dimensional
supersymmetric models) provides a natural mechanism
to generate the small size of the observed dark energy
today. Of particular note in the approach is the fact that
the authors not only ask the question why has the dark
energy the value it has today, but also why is that value
stable to integrating over higher energy contributions?
This question of technical naturalness is a vital one in
particle physics, and is at the heart of our understanding
the hierarchy problem. Therefore it makes sense to adopt
it in determining the nature and value of the dark energy
today, which after all is a very small amount compared to
the natural scale we would expect it to take. Apart from
the case of dark energy arising out of axion models (which
we will come to shortly), the majority of quintessence
scenarios do not possess such a protection mechanism
for the mass of the field [267].
To be a bit more specific, following the nice review
in [268], consider the case where a parameter λ is small
when measured in an experiment performed at an en-
ergy scale µ. We wish to understand this in terms of a
microscopic theory of physics which is defined at energies
Λ≫ µ. The prediction for λ is given by
λ(µ) = λ(Λ) + δλ(µ,Λ) , (274)
where λ(Λ) represents the direct contribution to λ due
to the parameters in the microscopic theory, and δλ rep-
resents the contributions to λ which are obtained as
we integrate out all of the physics in the energy range
µ < E < Λ. For λ to be small, barring some miracu-
lous cancellation we require that both λ(Λ) and δλ(µ,Λ)
are both equally small, for any chosen value of Λ. Most
models of dark energy to date can generate λ(µ) as be-
ing small, but can not guarantee the smallness of δλ(µ,Λ)
[45]. As we have seen the vacuum’s energy density today
is ρ ∼ (10−3 eV)4, but for a particle of massm it typically
contributes an amount δρ ∼ m4 when it is integrated out.
It follows that such a small value for ρ can only be un-
derstood in a technically natural way if Λ ∼ 10−3 eV or
less. However, the majority of the elementary particles
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(including the electron, for which me ∼ 5× 105 eV) have
m≫ 10−3 eV, which violates the requirement on Λ.
In order to overcome this four dimensional problem,
Burgess argues that we need to modify the response of
gravity to physics at scales E > µ ∼ 10−3 eV, whilst
maintaining that the modification does not ruin the ex-
cellent agreement with the non-gravitational experiments
which have been performed covering the energy range
µ < E < Λ, with Λ ∼ 1011 eV. The approach adopted
to achieve this goal makes use of the framework of Large
Extra Dimensions [269]. The observed particles (except
the graviton) are constrained to live on a (3+1) dimen-
sional surface, within an extra dimensional space, with
only gravity probing the extra dimensions. (For the case
of a non-supersymmetric string model that can realize
the extra dimensions see [270, 271]).
The present upper limit for the size of the extra di-
mensions is r < 100 µm, or 1/r > 10−3 eV which is
very close to the scale µ just described and where a nat-
ural understanding of the vacuum energy breaks down.
Also, it turns out that there must be two of these ex-
tra dimensions if they are to be this large, and if the
fundamental scale, Mg, of the extra-dimensional physics
is around 10 TeV, due to the relation Mpl = M
2
g r
which relates Mg and r to the observed Planck mass:
Mpl = (8πG)
−1/2 ∼ 1027 eV [268]. With this observa-
tion in mind, the idea of Supersymmetric Large Extra
Dimensions (SLED) was introduced [123], which has at
its heart the existence of two large (i.e., r ∼ 10 µm) extra
dimensions, within a supersymmetric theory, the super-
symmetry allowing for the cancellation between bosons
and fermions which appear in the vacuum energy.
Gravitational physics is effectively 6-dimensional for
any energies above the scale, 1/r ∼ 10−2 eV, and so
the cosmological constant problem has to be discussed in
6 dimensions. This means integrating out the degrees of
freedom between the scalesMg ∼ 10 TeV and 1/r ∼ 10−2
eV. Once this is done, the cosmological constant within
the effective 4D theory is obtained, describing gravita-
tional physics on scales much larger than r. The basic
procedure undertaken in integrating over modes having
energies 1/r < E < Mg is as follows [268]. First inte-
grate out (exactly) all of the degrees of freedom on the
branes, giving the low-energy brane dependence on the
massless 4D graviton mode. The effect of this is to ob-
tain a large effective brane tension, T ∼ M4g for each of
the 3-branes which might be present, which includes the
vacuum energies of all of the presently-observed elemen-
tary particles. Following this, there is a classical part of
the integration over the bulk degrees of freedom. This is
achieved by solving the classical supergravity equations
to determine how the extra dimensions curve in response
to the brane sources which are scattered throughout the
extra dimensions. The key result from this part of the
calculation is that this classical response cancels the po-
tentially large contributions from the branes obtained in
the first step. Finally, the quantum part of the integra-
tion over the bulk degrees of freedom is performed. It
is this contribution which is responsible for the fact that
the present-day dark energy density is nonzero, in other
words it is a quantum feature!
Moreover for specific cases they find the small size of
the 4D vacuum energy is attributed to the very small
size with which supersymmetry breaks in the bulk rela-
tive to the scale with which it breaks on the branes. We
will not go into details of the calculations here, the in-
terested reader is referred to [268] and references therein.
There are a few points worth highlighting though. In
the third part, where the quantum part of the integra-
tion is performed, in the SLED model for a class of 6D
supergravities, these quantum corrections lift the flat di-
rections of the classical approximation, and those loops
involving bulk fields do so by an amount leading to a
potential [263]
V (r) ∼ 1
r4
(
a+ b log r
)
, (275)
where a and b are calculable constants and the logarith-
mic corrections generically arise due to the renormaliza-
tion of UV divergences in even dimensions.
Such a potential is similar to the Quintessence form
introduced by Albrecht and Skordis [241], and it predicts
that scalar-potential domination occurs when log(Mplr)
is of order a/b, which can be obtained given a modest
hierarchy amongst the coefficients, a/b ∼ 70. The SLED
proposal requiring the world to become six-dimensional
at sub-eV energies is falsifiable (a useful attribute for
a model!). This is because it has a number of knock
on consequences for phenomenology that implies parti-
cle physics may soon rule it out. There is a deviation
from the inverse square law for gravity around r/2π ∼ 1
µm [265]; distinctive missing-energy signals in collider
experiments at the LHC due to the emission of particles
into the extra dimensions [272] and potential astrophys-
ical signals arising from loss of energy into the extra di-
mensions by stars and supernovae. It is a an interesting
proposal which takes seriously the issue of technical nat-
uralness and has a possible resolution of it in the context
of Quintessence arising in six dimensional supersymmet-
ric models. Before finishing this section on large extra
dimensions we should mention the recent work of Sorkin
[273], in which he argues that the true quantum grav-
ity scale cannot be much larger than the Planck length.
If it were then the quantum gravity-induced fluctuations
in Λ would be insufficient to produce the observed dark
energy.
In Sec. V we discussed dilatonic dark energy mod-
els based upon the low-energy effective string action.
Another approach to supergravity inspired models of
quintessence makes use of the inverse power-law poten-
tials which arise in supersymmetric gauge theories due
to non-perturbative effects, see Refs. [274] for details. In
a toy model, taking into account a supergravity correc-
tion to globally supersymmetric theories, Brax and Mar-
tin [275] constructed a quintessence potential which pos-
sesses a minimum. The F-term in the scalar potential in
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general is given by
V = eκ
2K [(Wi + κ
2WKi)K
j∗i(Wj + κ
2WKj)
∗
−3κ2|W |2] , (276)
where W and K are the superpotential and the Ka¨hler
potential, respectively. The subscript i represents the
derivative with respect to the i-th field.
With the choice of a superpotentialW = Λ3+αφ−α and
a flat Ka¨hler potential, K = φφ∗, we obtain the following
potential
V (φ) = e
κ2
2 φ
2 Λ4+β
φβ
[
(β − 2)2
4
− (β + 1)κ
2
2
φ2 +
κ4
4
φ4
]
,
(277)
where β = 2α + 2. This means that the potential can
be negative in the presence of supergravity corrections
for φ ∼ mpl. In order to avoid this problem, Brax and
Martin imposed the condition that the expectation value
of the superpotential vanishes, i.e., 〈W 〉 = 0. In this case
the potential (277) takes the form
V (φ) =
Λ4+α
φα
e
κ2
2 φ
2
. (278)
Although setting 〈W 〉 = 0 is restrictive, Brax and Martin
argued that this can be realized in the presence of matter
fields in addition to the quintessence field [275].
The potential (278) has a minimum at φ = φ∗ ≡√
α/κ. If V (φ∗) is of order the present critical den-
sity ρ
(0)
c ∼ 10−47GeV4, it is possible to explain the
current acceleration of the universe. From Eq. (278)
the mass squared at the potential minimum is given by
m2 ≡ d
2V
dφ2
= 2κ2V (φ∗). Since 3H20 ≃ κ2V (φ∗), we find
m2 ≃ 6H20 . (279)
This is a very small mass scale of order m ∼ H0 ∼
10−33 eV. Such a tiny mass is very difficult to reconcile
with fifth force experiments, unless there is a mechanism
to prevent φ from having interactions with the other mat-
ter fields. As mentioned this is a problem facing many
quintessence models.
One can choose more general Ka¨hler potentials when
studying supergravity corrections. Lets us consider a the-
ory with superpotential W = Λ3+α ϕ−α and a Ka¨hler
K = − ln(κϕ + κϕ∗)/κ2, which appears at tree-level in
string theory [276]. Then the potential for a canonically
normalized field, φ = (lnκϕ)/
√
2κ, is
V (φ) =M4e−
√
2κβφ , (280)
where M4 = Λ5+β κ1+β (β2 − 3)/2 and β = 2α + 1.
We note that β needs to be larger than
√
3 to allow for
positivity of the potential. Thus we can obtain an ex-
ponential potential giving rise to scaling solutions in the
context of supergravity.
Kolda and Lyth [267] argued that supergravity inspired
models suffer from the fact that loop corrections always
couple the quintessence field to other sources of matter
so as to lift the potential thereby breaking the flatness
criteria required for quintessence today. We now go on
to discuss a class of models where this problem can be
avoided. In the context of N ≥ 2 extended supergravity
models the mass squared of any ultra-light scalar fields is
quantized in unit of the Hubble constant H0, i.e., m
2 =
nH20 , where n are of order unity [277, 278].
To be concrete let us consider the potential V (φ) = Λ+
(1/2)m2φ2 around the extremum at φ = 0. In extended
supergravity theories the massm is related to Λ (> 0) via
the relation m2 = nΛ/3M2pl, where n are integers. Since
H20 = Λ/3M
2
pl in de Sitter space, this gives m
2 = nH20 .
In the context of N = 2 gauged supergravity we have
m2 = 6H20 for a stable de Sitter vacuum [278], which
gives
V (φ) = 3H20M
2
pl
[
1 + (φ/Mpl)
2
]
. (281)
The N = 8 supergravity theories give the negative mass
squared, m2 = −6H20 [277], in which case we have
V (φ) = 3H20M
2
pl
[
1− (φ/Mpl)2
]
. (282)
We note that the constant Λ determines the energy
scale of supersymmetry breaking. In order to explain the
present acceleration we require Λ ∼ m2M2pl ∼ H20M2pl ∼
10−47GeV4. This energy scale is so small that quantum
corrections to Λ and m are suppressed. Hence we nat-
urally obtain ultra-light scalars which are stable against
quantum corrections.
2. Pseudo-Nambu-Goldstone models
Another approach to dark energy which avoids the seri-
ous problem posed by Kolda and Lyth [267] is to consider
models in which the light mass of the Quintessence field
can be protected by an underlying symmetry. Such a
situation arises in cases where we have a pseudo Nambu
Goldstone boson acting as the Quintessence field. This
idea was first introduced by Frieman et al. [279] (see also
[280]), in response to the first tentative suggestions that
the universe may actually be dominated by a cosmolog-
ical constant. These axion dark energy models based on
N = 1 supergravity have similar properties to the ex-
tended supergravity models discussed above.
The axion potential is
V (φ) = Λ [C + cos(φ/f)] , (283)
where the model given by Frieman et al. [279] corre-
sponds to C = 1. The model with C = 0 can be ob-
tained by using the superpotential and Ka¨hler potential
motivated from M/string theory [280]. The mass of the
field φ at the potential maximum is m2 = −Λ/f2. If
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this energy at potential maximum is responsible for the
current accelerated expansion, we have 3H20 ≃ Λ/M2pl.
Then when f is of order Mpl, we get
m2 = −Λ/M2pl ≃ −3H20 . (284)
The field is frozen at the potential maximum when
|m2| is smaller than H2, but begins to roll down around
present (|m2| ∼ H20 ). Since the energy at the potential
minimum (φ = πf) is negative for C = 0, the universe
collapses in the future within the next 10-20 billion years
[277].
The possibility of there being an approximate global
symmetry being present to suppress the natural cou-
plings of the Quintessence field to matter, which gener-
ally result in long range forces, was investigated by Car-
roll in Ref. [12]. He also showed how such a symmetry
could allow a coupling of φ to the pseudoscalar Fµν F˜
µν
of electromagnetism, the effect being to rotate the po-
larisation state of radiation from distant source. Such an
effect, although well constrained today, could conceivably
be used as a way of detecting a cosmolgical scalar field.
More recently the possibility of the axion provid-
ing the dark energy has been further developed by
Kim and Nilles [281], as well as Hall and collaborators
[282, 283, 284] and Hung [285]. In Ref. [281], the au-
thors consider the model independent axion present in
string theory, which has a decay constant of order the
Planck scale. They propose the “quintaxion” as the dark
energy candidate field, the field being made of a linear
combination of two axions through the hidden sector su-
pergravity breaking. The light cold dark matter axion
solves the strong CP problem with decay constant de-
termined through a hidden sector squark condensation
(Fa ∼ 1012 GeV), and the quintaxion with a decay const
as expected for model independent axion of string theory
(Fq ∼ 1018 GeV). For suitable ranges of couplings, they
argue that the potential for the quintaxion is responsible
for the observed vacuum energy of (0.003 eV)4, which
remains very flat, because of the smallness of the hidden
sector quark masses. Hence it is ideal for Quintessence
with the Quintessence mass protected through the exis-
tence of the global symmetry associated with the pseudo
Nambu-Goldstone boson.
In Ref. [283], the authors consider an axion model
which leads to a time dependent equation of state param-
eter w(z) for the Quintessence field. As before, the small
mass scale is protected against radiative corrections. The
novel feature they introduce is the seesaw mechanism,
which allows for two natural scales to play a vital role
in determining all the other fundamental scales. These
are the weak scale, v, and the Planck scale, Mpl. For ex-
ample, the dark energy density ρ
1/4
DE ∝ v2/Mpl, and the
radiatively stable mass mφ ∝ v4/M3pl. Adopting a cosine
quintessence potential they construct an explicit hidden
axion model, and find a distinctive form for the equation
of state w(z). The dark energy resides in the potential
of the axion field which is generated by a new QCD-like
force that gets strong at the scale Λ ≈ v2/Mpl ≈ ρ1/4DE .
The evolution rate is given by a second seesaw that leads
to the axion mass, mφ ≈ Λ2/f , with f ≈Mpl.
Many particle physicists believe that the best route to
find quintessence will be through the axion, and so we
can expect much more progress in this area over the next
few years.
E. Quintessential inflation
We now turn our attention to the case of quintessential
inflation, first developed by Peebles and Vilenkin [35] (see
also Ref. [286] for an early example which includes some
of the features). One of the major drawbacks often used
to attack models of quintessence is that it introduces yet
another weakly interacting scalar field. Why can’t we use
one of those scalars already “existing” in cosmology, to
act as the quintessence field?
This is precisely what Peebles and Vilenkin set about
doing (see also Ref. [287]). They introduced a potential
for the field φ which allowed it to play the role of the
inflaton in the early Universe and later to play the role of
the quintessence field. To do this it is important that the
potential does not have a minimum in which the inflaton
field would completely decay at the end of the initial
period of inflation. They proposed the following potential
V (φ) = λ(φ4 +M4) for φ < 0 ,
=
λM4
1 + (φ/M)α
for φ ≥ 0 . (285)
For φ < 0 we have ordinary chaotic inflation. Much
later on, for φ > 0 the universe once again begins to in-
flate but this time at the lower energy scale associated
with quintessence. Needless to say quintessential infla-
tion also requires a degree of fine tuning, in fact perhaps
even more than before as there are no tracker solutions
we can rely on for the initial conditions. The initial pe-
riod of inflation must produce the observed density per-
turbations, which constrains the coupling to be of order
λ ∼ 10−13 [70]. Demanding that Ω(0)φ ∼ 0.7, we can con-
strain the parameter space of (α, M). For example, for
α = 4, we have M ∼ 105 GeV [35]. Reheating after in-
flation should have proceeded via gravitational particle
production (see [286] for an early example of its effect in
ending inflation) because of the absence of the potential
minimum, but this mechanism is very inefficient . How-
ever this problem may be alleviated [288] in the instant
preheating scenario [289] in the presence of an interaction
(1/2)g2φ2χ2 between the inflaton φ and another field χ.
Of note in the quintessential inflation model is that one
gets a kinetic phase (driven by the kinetic energy of the
field) before entering the radiation phase. This has the
effect of changing the density of primordial gravitational
waves [35, 291].
An interesting proposal making use of the protected
axion as the quintessence field has been made in
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Ref. [292]. One of the problems facing the models just
described is that the potentials are simply constructed to
solve the problem at hand, namely to give two periods
of inflation at early and late times. As such, they are
generally non-renormalisable. The authors of Ref. [292]
introduce a renormalizable complex scalar field potential
as the Quintessential inflation field. They suggest using
a complex scalar field with a global U(1)PQ symmetry
which is spontaneously broken at a high energy scale.
This then generates a flat potential for the imaginary
part of the field (“axion”), which is then lifted (explic-
itly broken) by small instanton effects at a much lower
energy. In this sense it combines the original idea of
Natural Inflation [293] and the more recent idea of using
a pseudo-Nambu Goldstone boson for the Quintessence
field [279, 294]. The result is that the model can give both
early universe inflation (real part of scalar field) and late
time inflation (imaginary part of the scalar field). We
also note that there is an interesting quintessential infla-
tion model by Dimopoulos [290] that allows inflation to
occur at lower energy scales than GUT in the context of
the curvaton mechanism.
Complex scalar fields have also been introduced in
the context of quintessence models called “spintessence”
[295, 296]. In these models the usefulness of the com-
plex nature manifests itself in that the model allows for
a unified description of both dark matter and dynamical
dark energy. The field φ is spinning in a U(1)-symmetric
potential V (φ) = V (|φ|), such that as the Universe ex-
pands, the field spirals slowly toward the origin. It has
internal angular momentum which helps drive the cosmic
evolution and fluctuations of the field. Depending on the
nature of the spin, and the form of the potential, the net
equation of state for the system can model either that of
an evolving dark energy component or self-interacting,
fuzzy cold dark matter [296] (see also Ref. [297]).
One of the main difficulties for the realistic construc-
tion of quintessential inflation is that we need a flat po-
tential during inflation but also require a steep potential
during the radiation and matter dominated periods. The
above mentioned axionic models provide one way to guar-
antee that can happen. The possibility that a pseudo-
Nambu-Goldstone boson could arise in the bulk in a
higher dimensional theory was investigated in Ref. [298].
Another route is through quintessential inflation [299]
in braneworld scenarios [300]. Because of the modifica-
tion of the Friedmann equation in braneworlds [301, 302]
(H2 ∝ ρ2), it is possible to obtain inflationary solutions
even in the case of a steep exponential potential. Al-
though the ratio of tensor perturbations to scalar per-
turbations is large and the exponential potential is out-
side the 2σ observational bound [303], the model can be
allowed if a Gauss-Bonnet term is present in the five di-
mensional bulk [304]. We finish this section with the ob-
servation that in Ref. [305], the authors proposed a mech-
anism to generate the baryon asymmetry of the universe
in a class of quintessential inflation models.
IX. COUPLED DARK ENERGY
The possibility of a scalar field φ coupled to a mat-
ter and its cosmological consequences were discussed in
Refs. [306]. Amendola later proposed a quintessence sce-
nario coupled with dark matter [215] as an extension of
nonminimally coupled theories [216]. A related approach
in which the dark matter and dark energy interact with
each other exchanging energy has been proposed by Szyd-
lowski in [217] and a method of testing for it has been
developed in [218]. He is able to show that the cubic
correction to the Hubble law, as measured by distant
supernovae type Ia, can probe this interaction, and by
considering flat decaying Λ(t) FRW cosmologies, he ar-
gues for the possibility of measuring the energy transfer
through determination of the cubic and higher correc-
tions to Hubble’s law.
An interesting aspect of the coupled dark energy sce-
nario [215] is that the system can approach scaling so-
lutions (characterized by Ωφ ≃ 0.7) with an associated
accelerated expansion.
Earlier in Sec. VII we presented a coupling Q between
dark energy and a barotropic fluid. This is actually the
same coupling studied in Refs. [215, 216], and in order
to show an example of this, let us consider the following
4-dimensional Lagrangian density with a scalar field ϕ
and a barotropic perfect fluid:
L˜ = 1
2
F (ϕ)R˜ − 1
2
ζ(ϕ)(∇˜ϕ)2 − U(ϕ)− L˜m , (286)
where F (ϕ), ζ(ϕ) and U(ϕ) are the functions of ϕ.
This includes a wide variety of gravity models–such as
Brans-Dicke theories, non-minimally coupled scalar fields
and dilaton gravity. In fact a number of authors have
studied quintessence scenarios with a nonminimally cou-
pled scalar field [205, 307]. This is related to coupled
quintessence scenario as we will see below. We set κ2 = 1
in this section.
After a conformal transformation gµν = F (ϕ)g˜µν , the
above action reduces to that of the Einstein frame:
L = 1
2
R− 1
2
(∇φ)2 − V (φ) − Lm(φ) , (287)
where
φ ≡
∫
G(ϕ)dϕ , G(ϕ) ≡
√
3
2
(
F,ϕ
F
)2
+
ζ
F
, (288)
and F,ϕ ≡ dF/dϕ. We note that several quantities in the
Einstein frame are related to those in the Jordan frame
via a =
√
F a˜, dt =
√
Fdt˜, ρm = ρ˜m/F
2, pm = p˜m/F
2
and V = U/F 2.
In the Jordan frame the energy density ρ˜m obeys the
continuity equation dρ˜m/dt˜ + 3H˜(ρ˜m + p˜m) = 0. By
rewriting this equation in terms of the quantities in the
Einstein frame, we find
ρ˙m + 3H(ρm + pm) = − F,ϕ
2FG
(ρm − 3pm)φ˙ . (289)
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In the case of cold dark matter (pm = 0) this corresponds
to Eq. (224) with a coupling
Q(ϕ) = − F,ϕ
2FG
= −Fϕ
2F
[
3
2
(
Fϕ
F
)2
+
ζ
F
]−1/2
. (290)
For example a nonminimally coupled scalar field with a
coupling ξ corresponds to F (ϕ) = 1− ξϕ2 and ζ(ϕ) = 1.
This gives
Q(ϕ) =
ξϕ
[1− ξϕ2(1− 6ξ)]1/2 . (291)
In the limit |ξ| → ∞ the coupling approaches a constant
value Q(ϕ)→ ±1/√6.
Thus a nonminimally coupled scalar field natually
leads to the coupling between dark energy and a
barotropic fluid. In what follows we will derive crit-
ical points and study their stabilities in a coupled
Quintessence scenario based on the coupling which ap-
pears on the RHS of Eqs. (223) and (224).
Before we investigate in detail the nature of coupled
dark energy, it is worth mentioning a couple of impor-
tant points that have been emphasised in [219] and [220].
In [219] it is pointed out that if there is an interaction be-
tween dark matter and dark energy then this will gener-
ically result in an effective dark energy equation of state
of w < −1, arising because the interaction alters the
redshift-dependence of the matter density. Therefore an
observer who fits the data treating the dark matter as
non-interacting will infer an effective dark energy fluid
with w < −1. The authors go on to argue that the cou-
pled dark energy model is consistent with all current ob-
servations, the tightest constraint coming from estimates
of the matter density at different redshifts.
In [220] it is shown that cluster number counts can
be used to test dark energy models where the dark en-
ergy candidates are coupled to dark matter. Increas-
ing the coupling reduces significantly the cluster num-
ber counts, whereas dark energy inhomogeneities increase
cluster abundances. Of possible significance is the fact
that wiggles in cluster number counts are shown to be a
specific signature of coupled dark energy models. Such
oscillations could possibly be detected in future experi-
ments, allowing us to discriminate among the different
dark energy models.
A. Critical points for coupled Quintessence
We now consider a coupled Quintessence scenario in
Einstein gravity with an exponential potential i.e.,
p(X,φ) = ǫX − ce−λφ . (292)
Here we allow the possibility of a phantom field (ǫ < 0).
As we have already shown, exponential potentials possess
scaling solutions. In fact the above Lagrangian density
corresponds to the choice g(Y ) = ǫ − c/Y and n = 1 in
Eq. (233).
The autonomous equations for a general function of
g(Y ) are given by Eqs. (255) and (256). Substituting
g(Y ) = ǫ − c/Y with Y = x2/y2 for Eqs. (255) and
(256), we obtain the following differential equations for
x = φ˙/(
√
6H) and y = e−λφ/(
√
3H):
dx
dN
= −3x+
√
6
2
ǫλcy2 +
3
2
x[(1 − wm)ǫx2
+(1 + wm)(1 − cy2)]−
√
6Q
2
ǫ(1− ǫx2 − cy2) ,
(293)
dy
dN
= −
√
6
2
λxy +
3
2
y[(1− wm)ǫx2
+(1 + wm)(1 − cy2)] . (294)
When Q = 0 and c = 1 these equations coincide with
Eqs. (175) and (176). We note that wφ, Ωφ and weff are
derived by changing y2 to cy2 in Eqs. (179), (180) and
(181).
The fixed points for the above system can be obtained
by setting dx/dN = 0 and dy/dN = 0. We present the
fixed points in Table V.
• (i) Ordinary field (ǫ = +1)
The point (a) gives some fraction of the field en-
ergy density for Q 6= 0. However this does not pro-
vide an accelerated expansion, since the effective
equation of state weff is positive for 0 ≤ wm < 1.
The points (b1) and (b2) are kinetically driven solu-
tions with Ωφ = 1 and do not satisfy the condition
weff < −1/3. The point (c) is a scalar-field domi-
nating solution (Ωφ = 1), which gives an accelera-
tion of the universe for λ2 < 2. The point (d) corre-
sponds to the cosmological scaling solution, which
satisfies wφ = wm for Q = 0. When Q 6= 0 the ac-
celerated expansion occurs for Q > λ(1 + 3wm)/2.
The points (b1), (b2) and (c) exist irrespective of
the presence of the coupling Q.
• (ii) Phantom field (ǫ = −1)
The point (a) corresponds to an unrealistic situa-
tion because of the condition Ωφ < 0 for 0 ≤ wm <
1. The critical points (b1) and (b2) do not exist for
the phantom field. Since weff = −1−λ2/3 < −1 for
the point (c), the universe accelerates independent
of the values of λ and Q. The point (d) gives an
accelerated expansion for Q > λ(1 + 3wm)/2, and
is similar to the case of a normal field.
B. Stability of critical points
We shall study the stability around the fixed points.
The eigenvalues of the matrix M for the perturbations
δx and δy in Eq. (167) are [212]
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Name x y Ωφ wφ weff
(a) −
√
6Q
3ǫ(1−wm) 0
2Q2
3ǫ(1−wm) 1 wm +
2Q2
3ǫ(1−wm)
(b1) 1√
ǫ
0 1 1 1
(b2) − 1√
ǫ
0 1 1 1
(c) ǫλ√
6
[ 1
c
(1− ǫλ2
6
)]1/2 1 −1 + ǫλ2
3
−1 + ǫλ2
3
(d)
√
6(1+wm)
2(λ+Q)
[
2Q(λ+Q)+3ǫ(1−w2m)
2c(λ+Q)2
]1/2 Q(λ+Q)+3ǫ(1+wm)
(λ+Q)2
−Q(λ+Q)+3ǫwm(1+wm)
Q(λ+Q)+3ǫ(1+wm)
wmλ−Q
λ+Q
TABLE V: The critical points for the ordinary (phantom) scalar field with an exponential potential in the presence of the
coupling Q. The points (b1) and (b2) do not exist for the phantom field.
• Point (a):
µ1 = −3
2
(1− wm) + Q
2
ǫ(1− wm) ,
µ2 =
1
ǫ(1− wm)
[
Q(λ+Q) +
3ǫ
2
(1− w2m)
]
.(295)
• Point (b1):
µ1 = 3−
√
6
2
λ , µ2 = 3(1− wm) +
√
6Q . (296)
• Point (b2):
µ1 = 3 +
√
6
2
λ , µ2 = 3(1− wm)−
√
6Q . (297)
• Point (c):
µ1 =
1
2
(ǫλ2 − 6) , µ2 = ǫλ(λ +Q)− 3(1 + wm).(298)
• Point (d):
µ1,2 = −3{λ(1− wm) + 2Q}
4(λ+Q)
[1±
√
1 + f(λ,Q)] ,(299)
where
f =
8[3(1 + wm)− ǫλ(λ+Q)][3ǫ(1− w2m) + 2Q(λ+Q)]
3{λ(1− wm) + 2Q}2 .
(300)
1. Ordinary field (ǫ = +1)
We first study the dynamics of an ordinary scalar field
in the presence of a fluid with an equation of state: 0 ≤
wm < 1. We shall consider the case of Q > 0 and λ > 0
for simplicity, but it is easy to extend the analysis to
other cases.
• Point (a):
For the point (a) µ1 is negative if Q <
√
3/2(1 −
wm) and positive otherwise. Meanwhile µ2 is pos-
itive for any value of Q and λ. Therefore this is a
saddle point for Q <
√
3/2(1−wm) and an unsta-
ble node for Q >
√
3/2(1 − wm). We obtain the
condition Q <
√
(3/2)(1− wm) from the require-
ment Ωφ < 1. Hence the point (a) is a saddle point
for wm = 0 under this condition.
• Point (b1):
While µ2 is always positive, µ1 is negative if λ >
√
6
and positive otherwise. Then (b1) is a saddle point
for λ >
√
6 and an unstable node for λ <
√
6.
• Point (b2):
Since µ1 is always positive and µ2 is negative for
Q > (3/2)1/2(1 − wm) and positive otherwise, the
point (c) is either a saddle point or an unstable
node.
• Point (c):
The requirement of the existence of the point (c)
gives λ <
√
6, which means that µ1 is always
negative. The eigenvalue µ2 is negative for λ <
(
√
Q2 + 12(1 + wm)−Q)/2 and positive otherwise.
Hence the point (c) presents a stable node for λ <
(
√
Q2 + 12(1 + wm)−Q)/2, whereas it is a saddle
point for (
√
Q2 + 12(1 + wm)−Q)/2 < λ <
√
6.
• Point (d):
We first find that −3{λ(1−wm)+2Q}/4(λ+Q) < 0
in the expression of µ1 and µ2. Secondly we obtain
λ(λ+Q) > 3(1 +wm) from the condition, Ωφ < 1.
Then the point (d) corresponds to a stable node for
3(1+wm)/λ−λ < Q < Q∗ and is a stable spiral for
Q > Q∗, where Q∗ satisfies the following relation
8 [λ(λ+Q∗)− 3(1 + wm)]
[
2Q∗(λ +Q∗) + 3(1− w2m)
]
= 3[λ(1− wm) + 2Q∗]2 . (301)
For example Q∗ = 0.868 for λ = 1.5 and wm = 0.
The stability around the fixed points and the condition
for an acceleration are summarized in Table VI. The scal-
ing solution (d) is always stable provided that Ωφ < 1,
whereas the stability of the point (c) is dependent on
the values of λ and Q. It is important to note that the
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Name Stability Acceleration Existence
(a) Saddle point for Q < (3/2)1/2(1−wm) No Q < (3/2)1/2(1− wm)1/2
Unstable node for Q > (3/2)1/2(1−wm)
(b1) Saddle point for λ >
√
6 No All values
Unstable node for λ <
√
6
(b2) Saddle point for Q > (3/2)1/2(1−wm) No All values
Unstable node for Q < (3/2)1/2(1−wm)
(c) Saddle point for ([Q2 + 12(1 + wm)]
1/2 −Q)/2 < λ <
√
6 λ <
√
2 λ <
√
6
Stable node for λ < ([Q2 + 12(1 + wm)]
1/2 −Q)/2
(d) Stable node for 3(1 +wm)/λ− λ < Q < Q∗ Q > λ(1 + 3wm)/2 Q > 3(1 + wm)/λ− λ
Stable spiral for Q > Q∗
TABLE VI: The conditions for stability, acceleration and existence for an ordinary scalar field (ǫ = +1). We consider the
situation with positive values of Q and λ. Here Q∗ is the solution of Eq. (301).
eigenvalue µ2 for the point (c) is positive when the con-
dition for the existence of the point (d) is satisfied, i.e.,
λ(λ+Q) > 3(1+wm). Therefore the point (c) is unstable
for the parameter range of Q and λ in which the scaling
solution (d) exists [214].
Amendola [215] implemented radiation together with
cold dark matter and the scalar field φ. Unsurprisingly
there exist more critical points in this case, but we can
use the analysis we have just presented to describe the dy-
namics of the system once radiation becomes dynamically
unimportant. In Fig. 9 we show the evolution of the frac-
tional energy densities: ΩR (radiation: wm = 1/3), ΩM
(CDM: wm = 0), Ωφ (dark energy) for (i) λ = 0.1, Q = 0
and (ii) λ = 0.1, Q = 0.245. In the absence of the cou-
pling Q, Ωφ is negligibly small compared to ΩM during
the matter dominated era. Meanwhile when the coupling
Q is present there are some portions of the energy den-
sity of φ in the matter dominated era. This corresponds
to the critical point (a) characterized by Ωφ = 2Q
2/3
and weff = 2Q
2/3. The presence of this phase (“φMDE”
[215]) can provide a distinguishable feature for matter
density perturbations, as we will see in the next section.
Since the critical point (a) is not stable, the final attrac-
tor is either the scalar-field dominated solution (c) or the
scaling solution (d). Figure 9 corresponds to the case in
which the system approaches the fixed point (c).
The system approaches the scaling solution (d) with
constant Ωφ provided that the coupling satisfies the con-
dition Q > 3/λ − λ. In addition we have an acceler-
ated expansion for Q > λ/2. Then one can consider an
interesting situation in which the present universe is a
global attractor with Ωφ ≃ 0.7. However it was pointed
out in Ref. [215] the universe soon enters the attractor
phase after the radiation dominated era for the coupling
Q satisfying the condition for an accelerated expansion
(Q/λ > (1 + 3wm)/2). This means the absence of a
matter dominated era, which is problematic for structure
formation. It comes from the fact that the coupling Q
required for acceleration is too large to keep Ωφ = 2Q
2/3
small during the matter dominant era.
This problem is overcome if we consider a non-linear
coupling that changes between a small Q1 to a large Q2
[308, 309]. The authors in Ref. [308] adopted the follow-
ing coupling:
Q(φ) =
1
2
[
(Q2 −Q1) tanh
(
φ1 − φ
∆
)
+Q2 +Q1
]
.
(302)
In order to keep Ωφ small during the matter dominated
era but to get Ωφ ≃ 0.7 with an accelerated expansion, we
need to impose the condition Q1 ≪ λ ≪ Q2. In Fig. 10
we plot the evolution of ΩR, ΩM and Ωφ together with an
effective equation of state γeff = weff+1 for λ = 30, Q1 =
0 and Q2 = 57.15. We find that there exists a matter
dominated era with a small value of Ωφ, which allows
large-scale structure to grow. The solution eventually
approaches a stationary global attractor characterized by
Ωφ ≃ 0.7 with an accelerated expansion.
2. Phantom field (ǫ = −1)
The fixed points (b) and (c) do not exist for the phan-
tom field.
• Point (a):
In this case µ1 is always negative, whereas µ2 can
be either positive or negative depending on the
values of Q and λ. Then this point is a saddle
for Q(Q + λ) < (3/2)(1 − w2m) and a stable node
for Q(Q + λ) > (3/2)(1 − w2m). However, since
Ωφ = −2Q2/3(1 − wm) < 0 for 0 ≤ wm < 1, the
fixed point (a) is not realistic.
• Point (c):
Since both µ1 and µ2 are negative independent of
the values of λ and Q, the point (c) is a stable node.
• Point (d):
From the condition y2 > 0, we require that 2Q(Q+
λ) > 3(1−w2m) for the existence of the critical point
(d). Under this condition we find that µ1 < 0 and
µ2 > 0. Therefore the point (d) corresponds to a
saddle point.
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Name Stability Acceleration Existence
(a) Saddle point for Q(Q+ λ) < (3/2)(1− w2m) Q2 > (1− wm)(1 + 3wm)/2 No if the condition 0 ≤ Ωϕ ≤ 1
Stable node for Q(Q+ λ) > (3/2)(1− w2m) is imposed
(c) Stable node All values All values
(d) Saddle Acceleration for Q > λ(1 + 3wm)/2 Q(Q+ λ) > (3/2)(1− w2m)
TABLE VII: The conditions for stability & acceleration & existence for a phantom scalar field (ǫ = −1). We consider the
situation with positive values of Q and λ.
The properties of critical points are summarized in Ta-
ble VII. The scaling solution always becomes unstable
for phantom fields. Therefore one can not construct a
coupled dark energy scenario in which the present value
of Ωφ (≃ 0.7) is a late-time attractor. This property is
different from the case of an ordinary field in which scal-
ing solutions can be stable fixed points. The only viable
stable attractor for phantom fields is the fixed point (c),
giving the dark energy dominated universe (Ωφ = 1) with
an equation of state wφ = −1− λ2/3 < −1.
C. General properties of fixed points
In the previous subsections we have considered the case
of a minimally coupled scalar field with an exponential
potential. This coupled quintessence scenario can be ap-
plied to other scalar-field dark energy models such as
tachyon and dilatonic ghost condensate. For the dark
energy models that possess scaling solutions, the proce-
dure to derive fixed points is very simple. The functional
form g(Y ) is determined by specifying the model. Then
plugging this into Eqs. (255) and (256), we obtain the
fixed points for the system. The stability of fixed points
is known by evaluating the eigenvalues of the matrixM.
In fact we can study the stability of fixed points rel-
evant to dark energy for the scalar-field models which
possess scaling solutions without specifying any form of
g(Y ). From Eqs. (255) and (256) the fixed points we are
interested in (y 6= 0) satisfy the following equations:
√
6λx = 3
[
1 + gx2 − wm(Ωϕ − 1)
]
, (303)√
6(g + Y g′)x = (Q+ λ)Ωϕ −Q . (304)
Since g + Y g′ = Ωϕ(1 + wϕ)/2x2 from Eq. (257),
Eqs. (303) and (304) can be written in the form:
x =
√
6[1 + (wϕ − wm)Ωϕ + wm]
2λ
(305)
=
√
6(1 + wϕ)Ωϕ
2[(Q+ λ)Ωϕ −Q] , (306)
This leads to
(Ωϕ − 1) [(wϕ − wm)(Q+ λ)Ωϕ +Q(1 + wm)] = 0.
(307)
Hence we obtain
• (i) A scalar-field dominant solution with
Ωϕ = 1 . (308)
• (ii) A scaling solution with
Ωϕ =
(1 + wm)Q
(wm − wϕ)(Q+ λ) . (309)
In the case (i) Eqs. (257) and (303) give
wϕ = −1 +
√
6λx
3
= −1 + λ
2
3p,X
. (310)
In the last equality we used the relation x = λ/
√
6p,X
which is derived from Eq. (304). Since the scalar-field
dominates the dynamics, the effective equation is given
by weff = wφ.
Subsitutting Eq. (309) for Eq. (305), we obtain the
value of x given by Eq. (259). Hence the fixed point (ii)
is actually the scaling solution.
In Ref. [214] the stability of the fixed points relevant
to dark energy was studied without specifying the form
of g(Y ). In the presence of non-relativistic dark mat-
ter with a non-phantom scalar field, the final attractor
is either a scaling solution with constant Ωϕ satisfying
0 < Ωϕ < 1 or a scalar-field dominant solution with
Ωϕ = 1. Meanwhile a phantom scalar-field dominant
fixed point (Ωϕ = 1 and p,X < 0) is always classically
stable. Then the universe is eventually dominated by
the energy density of a scalar field if phantom is respon-
sible for dark energy. See Ref. [214] for details about the
stability of fixed points.
D. Can we have two scaling regimes ?
In the case of Quintessence with an exponential poten-
tial there exists a “φMDE” fixed point (a) presented in
Table V. Since Ωφ = weff = 2Q
2/3 for wm = 0, this also
corresponds to a scaling solution if Q is a constant. As
we mentioned in subsection B, it is not possible to have a
sequence of the “φMDE” (a) and the accelerated scaling
attractor (d) with Ωφ ≃ 0.7. Then a question arises. Can
we have two scaling regimes for a general class of coupled
scalar field Lagrangians?
Let us consider the scaling Lagrangian (233) in Ein-
stein gravity (n = 1). The φMDE is a kinetic solution
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FIG. 9: Evolution of ΩR, ΩM and Ωφ in a coupled
quintessence scenario for (i) λ = 0.1, Q = 0 and (ii) λ = 0.1,
Q = 0.245. In these cases the late-time attractor is the
scalar-field dominated fixed point (d) in Table VI. In the
case (ii) there exists a transient fixed point (a) characterized
by Ωφ = 2Q
2/3 ≃ 0.04 during the matter dominated era,
whereas this behavior is absent in the case (i).
which corresponds to y = 0 in Eq. (294). This point ex-
ists only if g = g(x2/y2) is non-singular, i.e., only if one
can expand g in positive powers of y2/x2,
g = c0 +
∑
n>0
cn
(
y2
x2
)n
. (311)
In this case Eq. (293) is given by
dx
dN
=
1
2
(
3c0x+
√
6Q
)(
x2 − 1
c0
)
= 0 . (312)
For c0 = 0 this equation gives no real solutions. For
c0 6= 0 we get the φMDE point x = −
√
6Q/3c0 together
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FIG. 10: Top panel shows the evolution of ΩR (dashed), ΩM
(dotted) and Ωφ (solid) with λ = 30 in the case where the
coupling Q changes rapidly from Q1 = 0 to Q2 = 57.15.
Bottom panel shows the evolution of the effective equation of
state γeff = weff + 1. It first equals 1/3, then goes down to
1, and approaches −0.7 with an accelerated expansion. From
Ref. [308].
with pure kinematic solutions x = ±1/√c0 (which exists
for c0 > 0).
In Ref. [233] it was shown that a sequence of the φMDE
and the scaling attractor is not realized for the model
(311) if n are integers. The main reason is that there
exist two singularities at x = 0 and A−1 = 0, where
A = g+5Y g′+2Y 2g′′ = ρ−1,X is related to a sound speed
via c2s = Ap,X . For the fractional Lagrangian
g(Y ) = c0 − cY −u , (313)
we have ∣∣∣∣dy/dNdx/dN
∣∣∣∣
x→0
→∞ , (u 6= 1). (314)
Thus the solutions can not pass the line x = 0 except
for u = 1 (the case of Quintessence with an exponential
potential already excluded). When c0 > 0 this singu-
larity is inevitable to be hit when the solutions move
from the φMDE to the accelerated scaling solution [233].
When c0 < 0 one needs to cross either the singularity
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at A−1 = 0 or at A = 0 (x = 0), but both cases are
forbidden.
There is an interesting case in which a sequence of the
nearly matter dominated era and the accelerated scaling
solution can be realized. This is the model (313) with
0 < u < 1. Although the phase space is separated into
positive and negative abscissa subspaces because of the
condition (314), one can have a matter-dominated era in
the region x > 0 followed by the scaling attractor with
x > 0 (when Q is positive). It would be of interest to in-
vestigate whether this special case satisfies observational
constraints.
E. Varying mass neutrino scenario
There is an interesting model called mass-varying neu-
trinos (MaVaNs) in which neutrinos are coupled to dark
energy [310, 311]. This makes use of the fact that the
scale of neutrino mass-squared differences (0.01 eV)2 is
similar to the scale of dark energy (10−3 eV)4. Accord-
ing to this scenario the neutrino mass depends upon a
scalar field called acceleron, A, which has an instanta-
neous minimum that varies slowly as a function of the
density of neutrinos. The mass of the acceleron can be
heavy relative to the Hubble rate unlike the case of a
slowly rolling light scalar field (Quintessence).
The energy density of non-relativistic neutrinos is
given by ρν = nνmν , where nν and mν are the number
density and the mass of neutrinos, respectively. When
the acceleron field has a potential V0(A), the total effet-
cive potential for MaVaNs is
V = nνmν(A) + V0(A) . (315)
Even if the potential V0(A) does not have a minimum, the
presence of the nνmν(A) term induces an instantaneous
minimum that varies with time. Since ∂V/∂A = 0 at the
potential minimum, we obtain
nν = − ∂V0
∂mν
, (316)
if ∂mν/∂A 6= 0.
Neglecting the contribution of the kinetic energy of the
acceleron field, the energy density and the pressure den-
sity of the system is given by ρ ≃ nνmν+V0 and p ≃ −V0.
Hence the equation of state for the neutrino/acceleron
system is
w =
p
ρ
= −1 + nνmν
V
. (317)
Then we have w ≃ −1 provided that the energy density
of neutrinos is negligible relative to that of the acceleron
field (nνmν ≪ V0).
The cosmological consequesnces of this scenario have
been studied by a host of authors, see, e.g., Refs. [312,
313]. Since neutrinos are coupled to dark energy, it is ex-
pected that we may find similar cosmological evolution
to the one obtained in previous subsections of coupled
dark energy. One difference from the discussions in pre-
vious subsections is that neutrinos should be described
by a distribution function f(xi, pi, t) in phase space in-
stead of being treated by a fluid [313]. When neutrinos
are collisionless, f is not dependent on time t. Solving a
Boltzman equation we obtain the energy density of neu-
trinos, as
ρν =
1
a4
∫
q2dqdΩǫf0(q) , (318)
together with the pressure density
pν =
1
3a4
∫
q2dqdΩǫf0(q)
q2
ǫ
, (319)
where f0 is a background neutrino Fermi-Dirac distribu-
tion function. Here ǫ is defined by ǫ2 = q2+m2νa
2, where
q is the comoving momentum.
If neutrinos decouple while they are still relativistic,
the phase-space density is the function of q only. When
the mass of neutrinos depends on a field φ, Eqs. (318)
and (319) give [313]
ρ˙ν + 3H(ρν + pν) =
∂ lnmν
∂φ
(ρν − 3pν)φ˙ . (320)
For non-relativistic neutrinos (pν = 0), comparison of
Eq. (320) with Eq. (224) shows that the coupling between
neutrinos and dark energy is given byQ(φ) = ∂lnmν/∂φ.
Hence we can apply the results of cosmological evolution
in previous subsections to the neutrinos coupled to dark
energy. In Refs. [313] the effect of mass-varying neutrinos
on CMB and LSS was studied as well as cosmological
background evolution in the case where a light scalar field
(Quintessence) is coupled to massive neutrinos. This is
somewhat different from the original MaVaNs scenario
in which the mass of the acceleron field is much larger
than the Hubble rate. See Refs. [314] for other models of
coupled dark energy.
F. Dark energy through brane-bulk energy
exchange
In [315] the authors investigate the brane cosmologi-
cal evolution involving a different method of energy ex-
change, this one being between the brane and the bulk,
in the context of a non-factorizable background geome-
try with vanishing effective cosmological constant on the
brane. A number of brane cosmologies are obtained, de-
pending on the mechanism underlying the energy trans-
fer, the equation of state of brane-matter and the spatial
topology. Of particular note in their analysis is that ac-
celerating eras are generic features of their solutions. The
driving force behind the observed cosmic acceleration is
due to the flow of matter from the bulk to the brane.
The observational constraints on these type of mod-
els in which the bulk is not empty has been explored in
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[316]. Allowing for the fact that the effect of this energy
exchange is to modify the evolution of matter fields for
an observer on the brane the authors determine the con-
straints from various cosmological observations on the
flow of matter from the bulk into the brane. Intrigu-
ingly they claim that a Λ = 0 cosmology to an observer
in the brane is allowed which satisfies standard cosmo-
logical constraints including the CMB temperature fluc-
tuations, Type Ia supernovae at high redshift, and the
matter power spectrum. Moreover it can account for the
observed suppression of the CMB power spectrum at low
multipoles. The cosmology associated with these solu-
tions predicts that the present dark-matter content of
the universe may be significantly larger than that of a
ΛCDM cosmology, its influence, being counterbalanced
by the dark-radiation term.
This is an interesting approach to dark energy, is well
motivated by brane dynamics and has generated quite a
bit of interest over the past few years [317, 318] and for
a review see [319].
X. DARK ENERGY AND VARYING ALPHA
In this section we investigate a possible way to distin-
guish dynamical dark energy models from a cosmologi-
cal constant– through temporal variation of the effective
fine structure constant α. This is just one aspect of the
more general approach of allowing for the variation of
constants in general (such as for example the dilaton,
Newton’s constant and possibly the speed of light). For
a detailed overview of the Fundamental constants and
their variation see the excellent review of Uzan [320]4.
In 2001, Webb et al. [322] reported observational ev-
idence for the change of α over a cosmological time be-
tween z ≃ 0.5 and z = 0. Now, there are a number of
existing constraints on the allowed variation of α. For
example, the Oklo natural fission reactor [323] found the
variation ∆α/α ≡ (α− α0)/α0 is constrained by −0.9×
10−7 < ∆α/α < 1.2 × 10−7 at a redshift z ∼ 0.16 [323]
(here α0 is the present value of the fine structure con-
stant). The absorption line spectra of distance quasars
[324, 325, 326] provides another route. In Ref. [327] it
is claimed that ∆α/α = (−0.574 ± 0.102) × 10−5 for
0.2 < z < 3.7 . The recent detailed analysis of high
quality quasar spectra [328] gives the lower variation
∆α/α = (−0.06 ± 0.06) × 10−5 over the redshift range
0.4 < z < 2.3. Although there still remains the possibil-
ity of systematic errors [329], should the variation of α
hold up to closer scrutiny, it will have important impli-
cations for cosmology.
One powerful conclusion that follows from a varying
α is the existence of massless or nearly massless fields
coupled to gauge fields. Quite independently there is a
4 See also Ref.[321] on the related theme.
need for a light scalar field to explain the origin of dark
energy. Thus it is natural to consider that quintessence
or another type of scalar field model could be responsible
for the time variation of α. In fact many authors have
studied the change of α based on quintessence by assum-
ing specific forms for the interaction between a field φ
and an electromagnetic field Fµν [330, 331, 332, 333].
Now in general the inclusion of a non-renormalizable in-
teraction of the form BF (φ)FµνF
µν at the quantum level
requires the existence of a momentum cut-off ΛUV. Un-
fortunately, any particle physics motivated choice of ΛUV
destabilizes the potential of quintessence, i.e., it could
induce a mass term much larger than the required one
of order H0. However, because the nature of this fine-
tuning is similar to the one required for the smallness of
the cosmological constant, we are open to proceed hoping
that both problems could be resolved simultaneously in
future.
Originally Bekenstein [334] introduced the exponential
form for the coupling of the scalar field to the electromag-
netic field which in practice can always be taken in the
linear form BF (φ) = 1 − ζκφ. From the tests of the
equivalence principle the coupling is constrained to be
|ζ| < 10−3 [331]. Although the existence of the coupling
ζ alone is sufficient to lead to the variation of α, the re-
sulting change of α was found to be of order 10−10-10−9
[334], which is too small to be compatible with observa-
tions. This situation is improved by including a potential
for the field φ or by introducing a coupling of order 1 be-
tween the field and dark matter [331, 332].
In the next subsection we shall study the time varia-
tion of α for a minimal Bekenstein-like coupling in the
presence of a Quintessence potential. We then discuss the
case of a Dirac-Born-Infeld dark energy model in which
the tachyon is naturally coupled to electromagnetic fields
[335]. In this case we do not need an ad-hoc assumption
for the form of the coupling.
A. Varying alpha from quintessence
Let us consider an interaction between a Quintessence
field φ and an electromagnetic field Fµν , whose La-
grangian density is given by
LF (φ) = −1
4
BF (φ)FµνF
µν . (321)
We shall assume a linear dependence of the coupling
BF (φ):
BF (φ) = 1− ζκ(φ − φ0) , (322)
where the subscript 0 represents the present value of the
quantity. We note that this is just one example for the
form of the coupling. The fine structure “constant” α is
inversely proportional to BF (φ), which can be expressed
by α = α0/BF (φ). Then the variation of α is given by
∆α
α
≡ α− α0
α0
= ζκ(φ− φ0) . (323)
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If one uses the information of quasar absorption lines,
∆α/α ≃ −10−5, around z = 3 [322], the value of the
coupling ζ can be evaluated as
ζ ≃ − 10
−5
κφ(z = 3)− κφ(z = 0) . (324)
The bound of atomic clocks is given by |α˙/α| < 4.2 ×
10−15 yr−1 at z = 0 [336]. In our model the ratio of the
variation of α around the present can be evaluated as
α˙
α
≃ ζκφ˙ ≃ −ζ d(κφ)
d(1 + z)
H0 . (325)
As an example let us consider an exponential poten-
tial V (φ) = V0e
−κλφ in the presence of the coupling Q
between dark energy and dark matter. The universe can
reach the scaling attractor (d) in Table V with an accel-
erated expansion. Since x =
√
6(1+wm)/2(Q+λ) in the
scaling regime, we find
κ(φ− φ0) = − 3γ
λ+Q
ln(1 + z) , (326)
where γ = 1+wm and φ0 is the present value of the field.
Substituting this for Eq. (323), one obtains
∆α
α
= − 3ζγ
λ+Q
ln(1 + z) . (327)
From Eq. (324) the coupling ζ consistent with quasar
absorption lines is
ζ =
10−5
ln(4)
λ+Q
3γ
. (328)
Substituting Eqs. (326) and (328) for Eq. (325), we ob-
tain
α˙
α
=
10−5
ln 4
H0 ≃ 4.8× 10−16 yr−1 . (329)
This satisfies the constraint of atomic clocks.
The constraint coming from the test of the equivalence
principle corresponds to |ζ| < 10−3. When Q = 0 this
gives the upper bound for λ from Eq. (328). If we also use
the constraint (262) coming from nucleosynthesis, we can
restrict the value of λ to be 4.5 < λ < 415. Of course the
uncoupled case is not viable to explain the accelerated
expansion at late times. If there exists another source
for dark energy, this induces errors in the estimation of
the evolution of α and the coupling ζ.
The acceleration of the universe is realized in the pres-
ence of the coupling Q. In Sec. IX we showed that a
matter dominated era does not last sufficiently long for
large-scale structure to grow if the field φ is coupled to
all dark matter and drives an accelerated expansion with
a scaling attractor Ωφ ≃ 0.7. In order to avoid this prob-
lem we shall assume the existence of two components of
dark matter in which one is coupled to the scalar field
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FIG. 11: Evolution of ∆α/α for a coupled quintessence model
with contributions Ωm,c = 0.05 and Ωφ = 0.7 today. The
solid and dashed curves correspond to λ = 100 and λ = 10,
respectively. We also show observational data with error bars.
We thank Nelson J. Nunes for providing us this figure.
and another is not. This is an alternative approach to
introducing a non-linear coupling given in Eq. (302).
In Fig. 11 we plot the evolution of ∆α/α for two differ-
ent values of λ when the coupled component of dark mat-
ter is Ωm,c = 0.05 today. The coupling Q is determined
by the condition that the scaling attractor corresponds
to Ωm,c = 0.05 and Ωφ = 0.7 [333]. The oscillation of
∆α/α in Fig. 11 comes from the fact that the solution
actually approaches a scaling attractor. For smaller val-
ues of λ we find that the attractor is reached at a later
stage, which leads to the heavy oscillation of ∆α/α.
From Eq. (328) we expect that the presence of the
coupling Q gives larger values of ζ compared to the un-
coupled case. This is actually the case even when a part
of dark matter is coupled to the scalar field. The bound
of the equivalence principle |ζ| < 10−3 can be satisfied
provided that we choose smaller values of λ [333].
In Ref. [333] the evolution of ∆α/α was obtained for
a number of other quintessence potentials, in which they
can in principle be consistent with observations if we fine-
tune model parameters. We caution that there is a free-
dom to choose the coupling BF (φ) other than the one
given in Eq. (322) and the evolution of ∆α/α crucially
depends upon the choice of this coupling. In Ref. [337]
the possibility of reconstructing dark energy equation of
state from varying α was studied for the coupling given
by Eq. (322); see also Ref. [338] on the similar theme.
B. Varying alpha from tachyon fields
The change of α may be explained in other types of
scalar-field dark energy models such as those originating
from tachyon fields. In fact a Dirac-Born-Infeld type ef-
fective 4-dimensional action given below naturally leads
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to a coupling between a tachyon field ϕ and a Maxwell
tensor Fµν [335]:
S = −
∫
d4x V˜ (ϕ)
√
− det(gµν + ∂µϕ∂νϕ+ 2πα′Fµν) ,
(330)
where V˜ (ϕ) is the potential of the field. Let us consider a
situation in which a brane is located in a ten-dimensional
spacetime with a warped metric [172]
ds210 = βgµν(x)dx
µdxν + β−1g˜mn(y)dymdyn , (331)
where β is a warp factor.
For this metric the action (330) is written in the form
S = −
∫
d4xV (φ)
√
− det(gµν + ∂µφ∂νφ+ 2πα′β−1Fµν),
(332)
where
φ = ϕ/
√
β , V (φ) = β2V˜ (
√
βφ) . (333)
The warped metric (331) changes the mass scale on the
brane from the string mass scale Ms = 1/
√
α′ to an ef-
fective mass which is meff =
√
βMs. The expansion of
the action (332) to second order in the gauge field, for an
arbitrary metric, becomes
S ≃
∫
d4x
[
− V (φ)
√
− det(gµν + ∂µφ∂νφ)
+
(2πα′)2V (φ)
4β2
√−gTr(g−1Fg−1F )
]
. (334)
We have dropped other second order terms that involve
the derivative of the field φ. This should be justified
provided that the kinetic energy of the field is relatively
small compared to the potential energy of it (as it hap-
pens in the context of dark energy).
Comparing the above action with the standard Yang-
Mills action, one finds that the effective fine-structure
constant α is given by
α ≡ g2YM =
β2M4s
2πV (φ)
, (335)
which depends on the field φ. The variation of α com-
pared to the present value α0 is given as
∆α
α
=
V (φ0)
V (φ)
− 1 . (336)
For the exponential potential V (φ) = V0e
−µφ, we get
∆α
α
= eµ(φ−φ0) − 1 , (337)
and for the massive rolling scalar potential V (φ) =
V0e
1
2M
2φ2 considered in Ref. [172], we have
∆α
α
= e−
1
2M
2(φ2−φ20) − 1 . (338)
We recall that the present value of fine structure con-
stant is α0 = 1/137. Since the potential energy of φ at
present is estimated as 3H20 ≃ 8πV (φ0)/m2pl, one finds
the expression for the warp factor:
β2 ≃ 3
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(
H0
Ms
)2(
mpl
Ms
)2
. (339)
When Ms ∼ mpl we have β ∼ 10−62.
The model parameters in the tachyon potentials are
related to the string scale Ms and the brane tension T3
if they are motivated by string theory. The exponential
potential V (φ) = V0e
−µφ introduced above appears in
the context of the D3 and D¯3 branes [339]. The tachyon
potential for the coincident D3-D¯3 branes is twice the
potential for the non-BPS D3-brane [340]. The latter is
given by V (φ) = 2β2T3/ cosh(
√
βMsφ) [341], where β is
a warp factor at the position of the D3-D¯3 in the internal
compact space and T3 is the tension of the 3 branes. Then
the potential behaves as V (φ) = β2T3e
−√βMsφ for large
φ, which has a correspondence
V0 = β
2T3 , µ =
√
βMs . (340)
By using the equations (339) and (340), it was shown in
Ref. [335] that the resulting value of ∆α/α evaluated by
Eq. (337) is |∆α/α| ≫ 1 for z = O(1), which contradicts
the observational bounds, and hence implies that these
particular string motivated models do not work as sources
of dark energy.
Meanwhile for a rolling massive scalar potential
V (φ) = V0e
1
2M
2φ2 with parameters constrained by string
theory (V0 ∼ β2T3 and M ∼
√
βMs), it is possible to ex-
plain the observed values of ∆α/α at z = O(1). In this
case the field oscillates around the potential minimum at
φ = 0 and is given by φ ≃ Φcos(Mt) for φ˙2 ≪ 1, where
Φ is the amplitude of oscillation. The condition of an
accelerated expansion for the tachyon case is φ˙2 < 2/3.
Taking the time average of φ˙2, we find thatM2φ2 < 4/3.
This then gives∣∣∣∣∆αα
∣∣∣∣ ≃ 12M2|φ2 − φ20| . 12M2Φ2 . (341)
It is possible to have |∆α/α| = 10−6-10−5 if |MΦ| is of
order 10−3-10−2. When Ms ∼ mpl, we have β ∼ 10−62,
in which case the mass M =
√
βMs is much larger
H0 ∼ 10−42GeV. Hence the field oscillates for many
times while the universe evolves from z = O(1) to
present, which also leads to the oscillation of ∆α/α.
In Ref. [335] it was found that inverse power-law po-
tentials V (φ) = M4−nφ−n are not compatible with the
observational data of ∆α/α if one uses the mass scale ob-
tained in the context of string theory. Thus a varying α
provides a powerful tool with which to constrain tachyon
dark energy models.
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XI. PERTURBATIONS IN A UNIVERSE WITH
DARK ENERGY
In order to confront models of dark energy with obser-
vations of say the Cosmic Microwave Background (CMB)
and large-scale structure (LSS), it is important to study
the evolution of density perturbations in a universe con-
taining dark energy (see e.g., Refs. [342, 343, 344, 345]).
Its presence can give rise to features such as the Inte-
grated Sachs-Wolfe (ISW) effect, which alters the CMB
power spectrum. In this section we provide the perturba-
tion equations in a dark energy dominated universe with
a barotropic fluid. The system we study covers most
of scalar-field dark energy models including scalar-tensor
theories. We shall also consider perturbations in coupled
dark energy scenarios and derive analytic expressions for
the solution of matter perturbations.
A. Perturbation equations
A perturbed metric about a FRW background has the
following form for scalar perturbations in an arbitrary
gauge [346]:
ds2 = −(1 + 2A)dt2 + 2a∂iBdxidt
+a2 [(1 + 2ψ)δij + 2∂ijE] dx
idxj , (342)
where ∂i represents the spatial partial derivative ∂/∂x
i.
We will use lower case latin indices to run over the 3
spatial coordinates. We do not consider tensor and vector
parts of perturbations.
The model we study is described by the following very
general action
S =
∫
d4x
√−g
[
F (φ)
2
R+ p(φ,X) + Lm
]
≡
∫
d4x
√−g
[
1
2
f(R, φ,X) + Lm
]
, (343)
where F (φ) is a function of a scalar field φ, p(φ,X) is
a function of φ and X = −(1/2)(∇φ)2, and Lm is the
Lagrangian density for a barotropic perfect fluid. The
action (343) includes a wide variety of gravity theories
such as Einstein gravity, scalar-tensor theories and low-
energy effective string theories.
The background equations for this system are given by
H2 =
1
3F
(2Xp,X − p− 3HF˙ + ρm), (344)
H˙ = − 1
2F
(2Xp,X + F¨ −HF˙ + ρm + pm), (345)
1
a3
(a3φ˙p,X)
• − p,φ − 1
2
F,φR = 0, (346)
ρ˙m + 3H(ρm + pm) = 0 . (347)
We define the equation of state for the field φ, as
wφ =
p+ F¨ + 2HF˙
2Xp,X − p− 3HF˙
. (348)
We have not implemented the coupling between the field
and the fluid. The case of coupled dark energy will be
discussed later. Note that there is another way of defin-
ing wφ when we confront it with observations, see e.g.,
Ref. [347].
We define several gauge-invariant variables of cosmo-
logical pertubations. Under a gauge transformation:
t → t + δt and xi → xi + δij∂jδx, the scalar pertur-
bations transform as [346]
A→ A− δ˙t , B → B − a−1δt+ a ˙δx ,
ψ → ψ −Hδt , E → E − δx , (349)
together with the transformation of the field perturba-
tion:
δφ→ δφ− φ˙δt . (350)
The uniform-field gauge corresponds to a a gauge-
transformation to a frame such that δφ = 0, leaving the
following gauge-invariant variable:
R ≡ ψ − H
φ˙
δφ . (351)
This is so-called comoving curvature perturbation first
introduced by Lukash [348]. Meanwhile the longitudinal
gauge corresponds to a transformation to a frame such
that B = E = 0, giving the gauge-invariant variables:
Φ ≡ A− d
dt
[
a2(E˙ +B/a)
]
, (352)
Ψ ≡ −ψ + a2H(E˙ +B/a) . (353)
The above two gauges are often used when we discuss cos-
mological perturbations. One can construct other gauge
invariant variables, see e.g., [349].
The energy-momentum tensor can be decomposed as
T 00 = −(ρ+ δρ) , T 0α = −(ρ+ p)v,α ,
Tαβ = (p+ δp)δ
α
β +Π
α
β , (354)
where Παβ is a tracefree anisotropic stress. Note that ρ,
δρ e.t.c. can be written by the sum of the contribution
of field and fluid, i.e., ρ = ρφ + ρm and δρ = δρφ + δρm.
We define the following new variables:
χ ≡ a(B + aE˙) , ξ ≡ 3(HA− ψ˙)− ∆
a2
χ . (355)
Considering perturbed Einstein equations at linear order
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for the model (343), we obtain [349] (see also Ref. [350])
∆
a2
ψ +Hξ = −4πGδρ , (356)
HA− ψ˙ = 4πGa(ρ+ p)v , (357)
χ˙+Hχ−A− ψ = 8πGΠ , (358)
ξ˙ + 2Hξ +
(
3H˙ +
∆
a2
)
A = 4πG(δρ+ 3δp),(359)
δρ˙m + 3H(δρm + δpm)
= (ρm + pm)
(
ξ − 3HA+ ∆
a
vm
)
, (360)
[a4(ρm + pm)vm]
•
a4(ρm + pm)
=
1
a
(
A+
δpm
ρm + pm
)
, (361)
where
8πGδρ =
1
F
[
−1
2
(f,φδφ+ f,XδX) +
1
2
φ˙2(f,Xφδφ
+f,XXδX) + f,X φ˙δφ˙− 3HδF˙
+
(
3H˙ + 3H2 +
∆
a2
)
δF + F˙ ξ
+(3HF˙ − f,X φ˙2)A
+δρm − δF
F
ρm
]
, (362)
8πGδp =
1
F
[
1
2
(f,φδφ+ f,XδX) + δF¨ + 2HδF˙
−
(
H˙ + 3H2 +
2
3
∆
a2
)
δF − 2
3
F˙ ξ − F˙ A˙
−2(F¨ +HF˙ )A+ δpm − δF
F
pm
]
, (363)
8πG(ρ+ p)v = − 1
aF
[
−1
2
f,X φ˙δφ− δF˙
+HδF + F˙A− a
k
(ρm + pm)vm
]
, (364)
8πGΠ =
1
F
(δF − F˙χ). (365)
Here we have X = φ˙2/2 and δX = φ˙δφ− φ˙2A. Note that
the definition of the sign of X is opposite compared to
the one given in Ref. [349].
Equations (356)-(361) are written without fixing any
gauge conditions (so called “gauge-ready” form [351]).
This allows one to choose a temporal gauge condition
depending upon a situation one is considering. Readers
may be discouraged by rather complicated expressions
(362)-(365), but in subsequent discussions we expect that
readers will be impressed by beauty of cosmological per-
turbation theory!
B. Single-field system without a fluid
Let us first discuss the case in which the barotropic
perfect fluid is absent (Lm = 0). For the perturba-
tion system given above it is convinient to choose the
uniform-field gauge (δφ = 0) and derive the equation for
the curvature perturbation R. Since δF = 0 in this case,
Eq. (357) gives
A =
R˙
H + F˙ /2F
. (366)
From Eq. (356) together with the use of Eq. (366), we
obtain
ξ = − 1
H + F˙ /2F
[
∆
a2
R
+
3HF˙ −Xf,X − 2X2f,XX
2F (H + F˙ /2F )
R˙
]
. (367)
Substituting Eq. (345) for Eq. (359), we find
ξ˙ +
(
2H +
F˙
F
)
ξ +
3F˙
2F
A˙
+
[
3F¨ + 6HF˙ +Xf,X + 2X
2f,XX
2F
+
∆
a2
]
A = 0.
(368)
Plugging Eqs. (366) and (367) into Eq. (368), we finally
get the following differential equation for each Fourier
mode of R:
R¨+ s˙
s
R˙+ c2A
k2
a2
R = 0 , (369)
where
s ≡ a
3(Xf,X + 2X
2f,XX + 3F˙
2/2F )
(H + F˙ /2F )2
, (370)
c2A ≡
Xf,X + 3F˙
2/2F
Xf,X + 2X2f,XX + 3F˙ 2/2F
=
p,X + 3F˙
2/4FX
ρ,X + 3F˙ 2/4FX
. (371)
Here ρ,X = p,X + 2Xp,XX.
In the large-scale limit (c2Ak
2 → 0) we have the follow-
ing solution
R = C1 + C2
∫
1
s
dt , (372)
where C1 and C2 are integration constants. When the
field φ slowly evolves as in the contexts of dark energy
and inflationary cosmology, the second-term can be iden-
tified as a decaying mode [73]. Then the curvature per-
turbation is conserved on super-Hubble scales.
On sub-Hubble scales the sign of c2A is crucially impor-
tant to determine the stability of perturbations. When
c2A is negative, this leads to a violent instability of per-
turbations. In Einstein gravity where F is constant, c2A
coincides with Eq. (144). In this case c2A vanishes for
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p,X = 0. Meanwhile wφ = −1 for p,X = 0 from Eq. (348).
Hence one has c2A = 0 at cosmological constant boundary
(wφ = −1). This suggests the phantom divide crossing
is typically accompanied by the change of the sign of c2A,
which leads to the instability of perturbations once the
system enters the region wφ < −1. For example in dila-
tonic ghost condensate model with p = −X+ceλφX2, we
get Eq. (218) and c2A =
1−2cY
1−6cY where Y = e
λφX . The cos-
mological constant boundary corresponds to cY = 1/2.
We find that c2A is negative for 1/6 < cY < 1/2 and
diverges at cY = 1/6. The divergence of c2A occurs for
ρ,X = 0. In scalar-tensor theories (F˙ 6= 0) the phantom
divide (wφ = −1) does not correspond to the change of
the sign of c2A. Hence the perturbations can be stable
even in the region wφ < −1 [352, 353].
It is worth mentioning that one can calculate the
spectrum of density perturbations generated in inflation-
ary cosmology by using the perturbation equation (369)
along the line of Ref. [73, 349]. It is really remarkable
that the equation for the curvature perturbation reduces
to the simple form (369) even for the very general model
(343).
C. Evolution of matter perturbations
We shall study the evolution of perturbations on sub-
Hubble scales in the field/fluid system. In particular we
wish to derive the equation for matter pertubations de-
fined by δm ≡ δρm/ρm. This is important when we place
constraints on dark energy from the observation of large-
scale galaxy clustering. We assume that the equation of
state wm is constant.
In the lonfitudinal gauge (B = E = 0), Eqs. (360) and
(361) give the following Fourier-transformed equations:
δ˙m = (1 + wm)
(
3Ψ˙− k
a
vm
)
, (373)
v˙m + (1 − 3wm)Hvm = k
a
(
Φ +
wm
1 + wm
δm
)
.(374)
Eliminating the vm term, we obtain
δ¨m +H(2− 3wm)δ˙m + wm k
2
a2
+ (1 + wm)
k2
a2
Φ
= 3(1 + wm)
[
Ψ¨ + (2− 3wm)HΨ˙
]
. (375)
In what follows we shall study the case of a non-
relativistic fluid (wm = 0). On scales which are much
smaller than the Hubble radius (k ≫ aH) the contribu-
tion of metric perturbations on the RHS of Eq. (375) is
neglected, which leads to
δ¨m + 2Hδ˙m +
k2
a2
Φ ≃ 0 . (376)
We shall express Φ in terms of δm as the next step. In
doing so we use the sub-Horizon approximation in which
the leading terms correspond to those containing k2 and
those with δm. Then Eq. (356) gives
k2
a2
Ψ ≃ 1
2F
(
k2
a2
δF − δρm
)
. (377)
From Eq. (358) one has Ψ = Φ+δF/F . Hence we obtain
Φ ≃ − 1
2F
a2
k2
ρmδm − F,φ
2F
δφ . (378)
The variation of the scalar-field action in terms of the
field φ gives the following perturbation equation [349]:
f,X
[
δφ¨+
(
3H +
p˙,X
p,X
)
δφ˙+
k2
a2
δφ− φ˙(3Ψ˙ + Φ˙)
]
−2f,φΦ + 1
a3
(a3φ˙δf,X)
• − δf,φ = 0. (379)
Note that this equation can be also obtained from
Eqs. (356)-(359). Here δf is given by
δf = f,φδφ+ 2p,XδX + F,φδR , (380)
where
δR = 2
[
−ξ˙ − 4Hξ +
(
k2
a2
− 3H˙
)
Φ− 2k
2
a2
Ψ
]
≃ 2k
2
a2
(Φ− 2Ψ) . (381)
Then under the sub-horizon approximation Eq. (379)
gives
δφ ≃ F,φ
p,X
(Ψ− 2Φ) . (382)
Using the relation Ψ = Φ + δF/F and δF/F =
(F,φ/F )δφ, we find
δφ ≃ − FF,φ
Fp,X + 2F 2,φ
Φ . (383)
From Eqs. (378) and (383) the gravitational potential
can be expressed in terms of δm, as
Φ ≃ −a
2
k2
Fp,X + 2F
2
,φ
F (2Fp,X + 3F 2,φ)
ρmδm . (384)
Substituting this relation for Eq. (376), we finally ob-
tain the equation for matter perturbations on sub-Hubble
scales:
δ¨m + 2Hδ˙m − 4πGeffρmδm = 0 , (385)
where
Geff =
Fp,X + 2F
2
,φ
4πF (2Fp,X + 3F 2,φ)
. (386)
57
For a massless scalar field, Geff corresponds to the ef-
fective gravitational constant measured by the gravity
between two test masses.
Equation (385) was first derived by Boisseau et al.
[354] in the model p = X − V (φ) to reconstruct scalar-
tensor theories from the observatios of LSS (see also
Ref. [355]). We have shown that this can be generalized
to a more general model (343). We note that in Einstein
gravity (F = 1/8πG) the effective gravitational constant
reduces to G. Hence we recover the standard form of the
equation for dust-like matter pertubations.
In Einstein gravity Eqs. (384) and (385) yield
Φ = −3a
2
2k2
H2Ωmδm, (387)
d2δm
dN2
+
(
2 +
1
H
dH
dN
)
dδm
dN
− 3
2
Ωmδm = 0,(388)
where N = ln a. When Ωm is constant, the solution for
Eq. (376) is given by
δm = c+a
n+ + c−an− , (389)
where c± are integration constants and
n± =
1
4
[
−1±
√
1 + 24Ωm
]
. (390)
In the matter dominated era (Ωm ≃ 1) we find that n+ =
1 and n− = −3/2. Hence the perturbations grow as δm ∝
a, which leads to the formation of galaxy clustering. In
this case the gravitational potential is constant, i.e., Φ ∝
a2ρmδm ∝ a0 from Eq. (387). In the presence of dark
energy Ωm is smaller than 1, which leads to the variation
of Φ. This gives rise to a late-time ISW effect in the
temperature anisotropies when the universe evolves from
the matter dominated era to a dark energy dominated
era.
We should mention that there exist isocurvature per-
turbations [345, 356, 357, 358, 359] in the field/fluid sys-
tem, which generally leads to the variation of the cur-
vature perturbation on super-Hubble scales. In order to
confront with CMB we need to solve the perturbation
equations without using the sub-horizon approximation.
We note that a number of authors showed an interesting
possibility to explain the suprression of power on largest
scales observed in the CMB spectrum by accounting for
a correalation between adiabatic and isocuravture per-
turbations [360, 361, 362].
D. Perturbations in coupled dark energy
At the end of this section we shall consider a coupled
dark energy scenario in which the field is coupled to the
matter fluid with a coupling Q studied in Sec. VII. The
action we study is given by Eq. (221). The perturbation
equations in the presence of the coupling Q are presented
in Ref. [351] in a gauge-ready form. Taking a similar
procedure as in the uncoupled case, we obtain [234, 363]
d2δm
dN2
+
(
2 +
1
H
dH
dN
+
√
6Qx
)
dδm
dN
− 3
2
Ωm
(
1 + 2
Q2
p,X
)
δm = 0 , (391)
where x = φ˙/
√
6H (here we set κ2 = 1). Note that the
gravitaional potential satisfies Eq. (387) in this case as
well.
The readers who are interested in the details of the
derivation of this equation may refer to the references
[363] (see also [364]). When Q = 0, Eq. (391) reduces
to Eq. (388). The presence of the coupling Q leads to
different evolution of δm compared to the uncoupled case.
In what follows we shall study two cases in which analytic
solutions can be derived.
1. Analytic solutions in scalar-field matter dominant stage
First we apply the perturbation equation (376) to the
coupled quintessence scenario (p = X− ce−λφ) discussed
in Sec. IX. The characteristic feature of this model is that
there is a possibility to have an intermediate “scalar-field
matter dominated regime (φMDE)” [215] characterized
by Ωφ = 2Q
2/3 before the energy density of dark energy
grows rapidly, see the case (ii) in Fig. 9. The existence of
this stage affects the evolution of matter perturbations
compared to the case without the coupling Q.
This transient regime is realized by the fixed point (a)
in Table V, which corresponds to
x = −
√
6
3
Q, Ωφ =
2
3
Q2, weff =
2
3
Q2 . (392)
Using the relation
1
H
dH
dN
= −3
2
(1 + weff) , (393)
the perturbation equation (391) for the fixed point (392)
is given by
d2δm
dN2
+ ξ1
dδm
dN
+ ξ2δm = 0 , (394)
where
ξ1 =
1
2
− 3Q2, ξ2 = −3
2
(
1− 3
2
Q2
)
(1 + 2Q2) .(395)
Here we used Ωm = 1− Ωφ.
For constant ξ1 and ξ2, the general solution for
Eq. (394) is given by Eq. (389) with indices:
n± =
1
2
[
−ξ1 ±
√
ξ21 − 4ξ2
]
. (396)
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For the case (395) we have
n+ = 1 + 2Q
2 , n− = −3
2
+Q2 . (397)
When Q = 0 this reproduces the result in a matter dom-
inated era discussed in the previous subsection. In the
presence of the coupling Q the perturbations evolve as
δm ∝ a1+2Q2 , which means that the growth rate is higher
compared to the uncoupled case5. Thus the coupling be-
tween dark energy and dark matter makes structure for-
mation evolve more quickly.
From Eq. (387) the evolution of the gravitational po-
tential is given by
Φ ∝ an+−1−3weff , (398)
along the fixed point (392). Then from Eqs. (392) and
(397) we find that Φ is constant. Hence there is no ISW
effect by the existence of the φMDE phase. Meanwhile
since the effective equation of state given by Eq. (392)
differs from the case of Q = 0, the location of the first
acoustic peak is shifted because of the change of an an-
gular diameter distance [215, 366]. In Ref. [365] the cou-
pling is constrained to be Q < 0.1 at a 2σ level by using
the first year WMAP data.
2. Analytic solutions for scaling solutions
It was shown in Ref. [234] that the perturbation equa-
tion (391) can be solved analytically in the case of scal-
ing solutions. As we showed in Sec. VII the existence
of scaling solutions restricts the Lagrangian of the form
p = Xg(Xeλφ) in Einstein gravity, where g is an arbi-
trary function. Then there exists the scaling solution
given by Eq. (259) for an arbitrary function g(Y ). For
this scaling solution we also have the following relation
Qx = −
√
6weff
2
, p,X =
Ωφ + weff
2x2
, (399)
where we have used Eqs. (235), (258) and (259).
Then the equation for matter perturbations (376) is
given by Eq. (394) with coefficients:
ξ1 ≡ 1
2
− 9
2
weff , (400)
ξ2 ≡ −3
2
(1− Ωφ)
(
1 +
6w2eff
Ωφ + weff
)
. (401)
Since weff and Ωφ are constants in the scaling regime, we
5 In Ref. [215] there is an error in the sign of 2Q2. We thank Luca
Amendola for pointing this out.
obtain the analytic solution (389) with indices
n± =
1
4
[
9weff − 1±
{
(9weff − 1)2
+24(1− Ωφ)
(
1 +
6w2eff
Ωφ + weff
)}1/2]
. (402)
Remarkably the growth rate of matter perturbations is
determined by two quantities weff and Ωφ only. We stress
here that this result holds for any scalar-field Lagrangian
which possesses scaling solutions. For a non-phantom
scalar field characterized by Ωφ+weff ≡ Ωφ(1+wφ) > 0,
Eq. (390) shows that n+ > 0 and n− < 0. Hence δm (and
Φ) grows in the scaling regime, i.e., δm ∝ an+ .
In the uncoupled case (Q = 0) the effective equation
of state is given by weff = 0 in Eq. (235). Then we repro-
duce the indices given by Eq. (390). Since 0 ≤ Ωm ≤ 1 in
the scaling regime, the index n+ satisfies n+ ≤ 1 for un-
coupled scaling solutions. Equation (402) shows that the
index n+ becomes larger than 1 for Q 6= 0 (i.e., weff 6= 0).
In Fig. 12 we show the contour plot of n+ as functions
of Ωφ and weff . The growth rate of perturbations be-
comes unbounded as we approach the cosmological con-
stant border Ωφ + weff = 0. The large index n+ is unac-
ceptable from CMB constraints because of a strong ISW
effect.
The phantom case corresponds to the parameter range
Ωφ + weff < 0. In this case we find that n+ are either
negative real values or complex values with negative real
parts. Hence the perturbations decay with damped oscil-
lations. This is understandable, since the repulsive effect
of the phantom coupling dissipates the perturbations. In
Ref. [234] this phenomenon is called “phantom damping”.
The evolution of the gravitational potential Φ is also
given by Eq. (398). Hence Φ is constant for n+ =
3weff+1, which corresponds to w
±
eff = [−2±
√
4− 3Ωφ]/3.
Since 0 ≤ Ωφ ≤ 1 we find −1/3 ≤ w+eff ≤ 0 and
−4/3 ≤ w−eff ≤ −1. For example we have w+eff = −0.207
and w−eff = −1.126 for Ωφ = 0.7. These values of weff are
currently excluded by SN observations, see Fig. 12. Nev-
ertheless it is interesting to find that there exist scaling
solutions for which the gravitational potential is exactly
constant. We should also mention that values of weff
smaller than −1 are allowed if part of the dark matter
itself is not coupled [366]. Obviously we require further
investigations to constrain scaling dark energy models
using observations of the CMB and large-scale structure.
XII. RECONSTRUCTION OF DARK ENERGY
MODELS
We now turn our attention to review the reconstruc-
tion of scalar-field dark energy models from observa-
tions. This reconstruction is in principle simple for
a minimally coupled scalar field with potential V (φ)
[367, 368, 369, 370, 371]. In fact one can reconstruct
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FIG. 12: Contour plot of the index n+ in terms of the func-
tions of Ωφ and weff . The numbers which we show in the figure
correspond to the values n+. In the non-phantom region char-
acterized by Ωφ+weff > 0, n+ are always positive. Meanwhile
in the phantom region (Ωφ + weff < 0) with weff > −1, n+
take complex values with negative real parts. The real parts
of n+ are plotted in the phantom region. The box (blue in
the color version) represents schematically the observational
constraints on weff ,Ωφ coming from the SN Ia data.
the potential and the equation of state of the field by
parametrizing the Hubble parameter H in terms of the
redshift z [372]. We recall that H(z) is determined by
the luminosity distance dL(z) by using the relation (38).
This method was generalized to scalar-tensor theories
[354, 355, 373], f(R) gravity [374] and also a dark-energy
fluid with viscosity terms [375]. In scalar-tensor theories
a scalar field φ (the dilaton) is coupled to a scalar curva-
ture R with a coupling F (φ)R. If the evolution of matter
perturbations δm is known observationally, together with
the Hubble parameter H(z), one can even determine the
function F (φ) together with the potential V (φ) of the
scalar field [354].
As we showed in Sec. IX the Lagrangian (286) in the
Jordan frame is transformed to the action (287) in Ein-
stein frame with a coupling Q between the field ϕ and
a barotropic fluid. Hence if we carry out a reconstruc-
tion procedure for the action (221) in the Einstein frame,
corresponding reconstruction equations can be derived
by transforming back to the Jordan frame. Following
Ref. [376] we shall provide the recipe of the reconstruc-
tion program for the general Lagrangian
S =
∫
d4x
√−g
[
R
2
+ p(X,φ)
]
+ Sm(φ) . (403)
We consider the same coupling Q as we introduced in
Sec. VII. In a flat FRW spacetime the field equations for
the action (403) are
3H2 = ρm + 2Xp,X − p , (404)
2H˙ = −ρm − pm − 2Xp,X , (405)
ρ˙m + 3H(ρm + pm) = Q(φ)ρmφ˙ . (406)
In the case of a non-relativistic barotropic fluid (pm = 0),
Eq. (406) can be written in an integrated form
ρm = ρ
(0)
m
(a0
a
)3
I(φ) , (407)
where
I(φ) ≡ exp
(∫ φ
φ0
Q(φ)dφ
)
. (408)
Here the subscript 0 represents present values. Using
Eq. (29) together with the relation ρ
(0)
m = 3H20Ω
(0)
m , we
find that Eq. (407) can be written as
ρm = 3Ω
(0)
m H
2
0 (1 + z)
3I(φ) . (409)
When Q = 0, i.e., I = 1, we can reconstruct the struc-
ture of theory by using Eqs. (404), (405) and (409) if
the Hubble expansion rate is known as a function of z.
This was actually carried out for a minimally coupled
scalar field with a Lagrangian density: p = X − V (φ)
[367, 368, 369, 370, 371, 372]. In the presence of the cou-
pling Q, we require additional information to determine
the strength of the coupling. We shall make use of the
equation of matter density perturbations for this purpose
as in the case of scalar-tensor theories [354, 355].
The equation for matter perturbations on sub-Hubble
scales is given by Eq. (391). Let us rewrite Eqs. (404),
(405) and (391) by using a dimensionless quantity
r(z) ≡ H2(z)/H20 . (410)
Then we obtain
p = [(1 + z)r′ − 3r]H20 , (411)
φ′2p,X =
r′ − 3Ω(0)m (1 + z)2I
r(1 + z)
, (412)
δ′′m +
(
r′
2r
− 1
1 + z
+
I ′
I
)
δ′m
−3
2
Ω(0)m
(
1 +
2I ′2
φ′2p,XI2
)
(1 + z)Iδm
r
= 0 , (413)
where a prime represents a derivative in terms of z. Elim-
inating the φ′2p,X term from Eqs. (412) and (413), we
obtain
I ′ =
I
4r(1 + z)A
[
δ′m ±
√
δ′2m − 8r(1 + z)AB
]
, (414)
where
A ≡ 3Ω
(0)
m (1 + z)δmI
2r[r′ − 3Ω(0)m (1 + z)2I]
, (415)
B ≡ [r′ − 3Ω(0)m (1 + z)2I]A
− δ′′m −
(
r′
2r
− 1
1 + z
)
δ′m . (416)
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We require the condition δ′2m > 8r(1 + z)AB for the con-
sistency of Eq. (414).
If we know r and δm in terms of z observationally,
Eq. (414) is integrated to give the functional form of I(z).
Hence the function I(z) is determined without specifying
the Lagrangian density p(φ,X). From Eqs. (411) and
(412), we obtain p and φ′2p,X as functions of z. The
energy density of the scalar field, ρ = φ˙2p,X − p, is also
determined. Equation (408) gives
Q =
(ln I)′
φ′
, (417)
which means that the coupling Q is obtained once I and
φ′ are known. We have to specify the Lagrangian density
p(φ,X) to find the evolution of φ′ and Q.
The equation of state for dark energy, w = p/ρ, is given
by
w =
p
φ˙2p,X − p
(418)
=
(1 + z)r′ − 3r
3r − 3Ω(0)m (1 + z)3I
. (419)
A non-phantom scalar field corresponds to w > −1,
which translates into the condition p,X > 0 by Eq. (418).
From Eq. (412) we find that this condition corresponds to
r′ > 3Ω(0)m (1 + z)2I, which can be checked by Eq. (419).
Meanwhile a phantom field is characterized by the con-
dition p,X < 0 or r
′ < 3Ω(0)m (1+z)2I. Since I(z) is deter-
mined if r and δm are known observationally, the equa-
tion of state of dark energy is obtained from Eq. (419)
without specifying the Lagrangian density p(φ,X). In
the next section we shall apply our formula to several
different forms of scalar-field Lagrangians.
A. Application to specific cases
Most of the proposed scalar-field dark energy models
can be classified into two classes: (A) p = f(X) − V (φ)
and (B) p = f(X)V (φ). There are special cases in
which cosmological scaling solutions exist, which corre-
sponds to the Lagrangian density (C) p = Xg(Xeλφ)
[see Eq. (233)]. We will consider these classes of models
separately.
1. Case of p = f(X)− V (φ)
This includes quintessence [f(X) = X ] and a phantom
field [f(X) = −X ]. Eq. (412) gives
φ′2f,X =
r′ − 3Ω(0)m (1 + z)2I
r(1 + z)
. (420)
If we specify the function f(X), the evolution of φ′(z)
and φ(z) is known from r(z) and I(z). From Eq. (417)
we can find the coupling Q in terms of z and φ. Eq. (411)
gives
V = f + [3r − (1 + z)r′]H20 . (421)
Now the right hand side is determined as a function of
z. Since z is expressed by the field φ, one can obtain the
potential V (φ) in terms of φ. In the case of Quintessence
without a coupling Q, this was carried out by a num-
ber of authors [367, 368, 369, 370, 371, 372]. We have
generalized this to a more general Lagrangian density
p = f(X)− V (φ) with a coupling Q.
2. Case of p = f(X)V (φ)
The Lagrangian density of the form p = f(X)V (φ)
includes K-essence [20, 21, 22] and tachyon fields [167].
For example the tachyon case corresponds to a choice
f = −√1− 2X. We obtain the following reconstruction
equations from Eqs. (411) and (412):
φ′2
f,X
f
=
r′ − 3Ω(0)m (1 + z)2I
r(1 + z)[(1 + z)r′ − 3r]H20
, (422)
V =
[(1 + z)r′ − 3r]H20
f
. (423)
Once we specify the form of f(X), one can determine the
functions φ′(z) and φ(z) from Eq. (422). Then we obtain
the potential V (φ) from Eq. (423).
3. Scaling solutions
For the Lagrangian density p = Xg(Xeλφ), Eqs. (411)
and (412) yield
Y
g,Y
g
=
6r − (1 + z)r′ − 3Ω(0)m (1 + z)3I
2[(1 + z)r′ − 3r] , (424)
φ′2 =
2[(1 + z)r′ − 3r]
r(1 + z)2g
, (425)
where Y = Xeλφ. If we specify the functional form
of g(Y ), one can determine the function Y = Y (z)
from Eq. (424). Then we find φ′(z) and φ(z) from
Eq. (425). The parameter λ is known by the relation
Y = (1/2)φ˙2eλφ.
As we showed in Sec. VII the quantity Y is con-
stant along scaling solutions, in which case the LHS of
Eq. (424) is constant. Thus the presence of scaling solu-
tions can be directly checked by evaluating the RHS of
Eq. (424) with the use of observational data. We caution
however that the above formula needs to be modified if
a part of the dark matter is uncoupled to dark energy.
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B. Example of reconstruction
In order to reconstruct dark energy models from ob-
servations we need to match supernova data to a fitting
function forH(z). The fitting functions generally depend
upon the models of dark energy [377]. Among a number
of fitting functions, the following parametrization for the
Hubble parameter is often used [80]:
r(x) = H2(x)/H20 = Ω
(0)
m x
3 +A0 +A1x+A2x
2 ,(426)
where x ≡ 1 + z and A0 = 1 − A1 − A2 − Ω(0)m . The
parametrization (426) is equivalent to the following ex-
pansion for dark energy:
ρ = ρ(0)c
(
A0 +A1x+A2x
2
)
, (427)
where ρ
(0)
c = 3H20 . The ΛCDM model is included in
the above parametrization (A1 = 0, A2 = 0 and A0 =
1− Ω(0)m ).
For a prior Ω
(0)
m = 0.3, the Gold data set of SN obser-
vations gives A1 = −4.16 ± 2.53 and A2 = 1.67 ± 1.03
[378]. We note that the weak energy condition for dark
energy, ρ ≥ 0 and w = p/ρ ≥ −1, corresponds to [80]
A0 +A1x+A2x
2 ≥ 0 , A1 + 2A2x ≥ 0 . (428)
If we use the best-fit values A1 = −4.16 and A2 =
1.67, for example, we find that the second condition in
Eq. (428) is violated today. This means that the field
behaves as a phantom (w < −1). In the case of a non-
phantom scalar field such as quintessence, we need to put
a prior A1 + 2A2x ≥ 0.
For the moment we have not yet obtained accurate ob-
servational data for the evolution of the matter perturba-
tions δm(z). Hence the coupling Q is not well constrained
with current observations. In what follows we consider
the case without the coupling Q. Then we only need
to use the reconstruction equations (411) and (412) with
I = 1. In this case the equation of state w of dark energy
is determined by Eq. (419) provided that r = H2/H20 can
be parametrized observationally. In Ref. [80] the recon-
struction was obtained for the parametrization (426).
We show in Fig. 13 the evolution of w versus z for
Ω
(0)
m = 0.3. We find that the equation of state crosses
the cosmological constant boundary (w = −1) for the
best-fit parametrization. Even at the 2σ confidence level
the crossing to the phantom region (w < −1) is allowed.
In this figure we do not impose any priors for the co-
efficients A1 and A2. If dark energy originates from
an ordinary scalar field like quintessence, one needs to
put a prior A1 + 2A2x ≥ 0. This case is also consis-
tent with observations, see Ref. [80]. In Ref. [372] the
potential of a quintessence field is reconstructed by us-
ing a parametrization different from Eq. (426). For any
parametrization of the Hubble parameter, the potential
and the kinetic energy of a scalar field can be recon-
structed in each model of dark energy by using the for-
mula (411) and (412). See Ref. [379] for a detailed recon-
struction of the equation of state of dark energy using
FIG. 13: Evolution of w(z) versus redshift z for Ω
(0)
m = 0.3
with the parametrization given by (426). Here the thick solid
line corresponds to the best-fit, the light grey contour rep-
resents the 1σ confidence level, and the dark grey contour
represents the 2σ confidence. The dashed line corresponds to
the ΛCDM model. From Ref. [80].
higher-order derivatives of H called “state finder” [57],
and see [380] where the authors have proposed a new non-
parametric method of smoothing supernova data over
redshift using a Gaussian kernel, the aim being to recon-
struct H(z) and w(z) in a model independent manner.
C. w = −1 crossing
The reconstruction of the equation of state of dark
energy shows that the parametrization of H(z) which
crosses the cosmological-constant boundary shows a good
fit to recent SN Gold dataset [378], but the more recent
SNLS dataset favors ΛCDM [381]. This crossing to the
phantom region (w < −1) is neither possible for an or-
dinary minimally coupled scalar field [p = X − V (φ)]
nor for a phantom field [p = −X − V (φ)]. It was shown
by Vikman [382] that the w = −1 crossing is hard to
be realized only in the presence of linear terms in X in
single-field models of dark energy. We require nonlinear
terms in X to realize the w = −1 crossing.
This transition is possible for scalar-tensor theories
[353], multi-field models [382, 383] (called quintom using
phantom and ordinary scalar field), coupled dark energy
models with specific couplings [384] and string-inspired
models [184, 318, 385] 6. A recent interesting result con-
6 We also note that loop quantum cosmology [386] allows to realize
such a possibility [387].
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cerning whether in scalar-tensor theories of gravity, the
equation of state of dark energy, w, can become smaller
than −1 without violating any energy condition, has been
obtained by Martin et al. [388]. In such models, the
value of w today is tied to the level of deviations from
general relativity which, in turn, is constrained by solar
system and pulsar timing experiments. The authors es-
tablish the conditions on these local constraints for w to
be significantly less than −1 and demonstrate that this
requires the consideration of theories that differ from the
Jordan-Fierz-Brans-Dicke theory and that involve either
a steep coupling function or a steep potential.
In this section we shall present a simple one-field
model with nonlinear terms in X which realizes the
cosmological-constant boundary crossing and perform
the reconstruction of such a model.
Let us consider the following Lagrangian density:
p = −X + u(φ)X2 , (429)
where u(φ) is a function in terms of φ. Dilatonic ghost
condensate models [39] correspond to a choice u(φ) =
ceλφ. From Eqs. (411) and (412) we obtain
φ′2 =
12r − 3xr′ − 3Ω(0)m x3I
rx2
, (430)
u(φ) =
2(2xr′ − 6r + rx2φ′2)
H20r
2x4φ′4
. (431)
Let us reconstruct the function u(φ) by using the
parametrization (426) with best-fit values of A1 and A2.
We caution that this parametrization is not the same as
the one for the theory (429), but this can approximately
describe the fitting of observational data which allows the
w = −1 crossing.
As we see from Fig. 14 the crossing of the cosmological-
constant boundary corresponds to uX = 1/2, which
occurs around the redshift z = 0.24 for the best-fit
parametrization. The system can enter the phantom re-
gion (uX < 1/2) without discontinuous behavior of u
and X .
We have to caution that the perturbation in φ is
plagued by a quantum instability when the field behaves
as a phantom [39]. Even at the classical level the per-
turbation is unstable for 1/6 < uX < 1/2, since c2A in
Eq. (371) is negative. One may avoid this instability if
the phantom behavior is just transient. In fact transient
phantom behavior was found in the case of a dilatonic
ghost condensate model (see, e.g., Fig. 4 in Ref. [39]). In
this case the cosmological-constant boundary crossing oc-
curs again in the future, after which the perturbations
become stable.
We found that the function u(φ) can be approximated
by an exponential function eλφ near to the present, al-
though some differences appear for z & 0.2. However
the current observational data is still not sufficient to
rule out the dilatonic ghost condensate model. We hope
that future high-precision observations will determine the
functional form of u(φ) more accurately.
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FIG. 14: Reconstruction of generalized ghost condensate
model for the parametrization (426) with the best-fit param-
eters A1 = −4.16 and A2 = 1.67. We show u, w and z in
terms of the function of φ. This model allows a possibility to
cross the cosmological-constant boundary (w = −1).
XIII. OBSERVATIONAL CONSTRAINTS ON
THE EQUATION OF STATE OF DARK ENERGY
In the previous section we provided a set of recon-
struction equations for scalar-field dark energy models.
However it is distinctly possible (some would say likely),
that the origin of dark energy has nothing to do with
scalar fields. Fortunately, even in this case we can ex-
press the equation of state w of dark energy in terms of
r = H2/H20 . Let us consider a system of dark energy
and cold dark matter which are not directly coupled to
each other. Using Eqs. (157) and (158) with the replace-
ment ρφ → ρDE and pφ → pDE together with the relation
ρm = ρ
(0)
m (1 + z)3, we easily find
w =
pDE
ρDE
=
(1 + z)r′ − 3r
3r − 3Ω(0)m (1 + z)3
, (432)
which corresponds to I = 1 in Eq. (419). Hence if ob-
servational data is accurate enough to express r(z) in
terms of z, we obtain w(z) independent of the model
of dark energy. However the parametrization of r(z) it-
self depends upon dark energy models and current SN Ia
observations are not sufficiently precise to discriminate
which parametrizations are favoured.
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A. Parametrization of wDE
Instead of expressing the Hubble parameterH in terms
of z, one can parametrize the equation of state of dark
energy. By using Eq. (157) the Hubble parameter can be
written as
H2(z) = H20
[
Ω(0)m (1 + z)
3 + (1− Ω(0)m )f(z)
]
, (433)
where
f(z) ≡ ρDE(z)
ρ
(0)
DE
= exp
[
3
∫ z
0
1 + w(z˜)
1 + z˜
dz˜
]
. (434)
Hence H(z) is determined once w(z) is parametrized.
Then we can constrain the evolution of w(z) observa-
tionally by using the relation (38).
There are a number of parametrizations of w(z) which
have been proposed so far, see for example [389, 390].
Among them, Taylor expansions of w(z) are commonly
used:
w(z) =
∑
n=0
wnxn(z) , (435)
where several expansion functions have been considered
[389]:
(i) constant w : x0(z) = 1; xn = 0 , n ≥ 1 , (436)
(ii) redshift : xn(z) = z
n , (437)
(iii) scale factor : xn(z) =
(
1− a
a0
)n
=
(
z
1 + z
)n
,
(438)
(iv) logarithmic : xn(z) = [log(1 + z)]
n
. (439)
Case (i) includes the ΛCDM model. Case (ii) was in-
troduced by Huterer and Turner [391] & Weller and Al-
brecht [392] with n ≤ 1, i.e., wDE = w0 + w1z. In this
case Eq. (433) gives the Hubble parameter
H2(z) = H20 [Ω
(0)
m (1 + z)
3
+(1− Ω(0)m )(1 + z)3(1+w0−w1)e3w1z] . (440)
We can then constrain the two parameters w0 and w1 by
using SN Ia data. Case (iii) was introduced by Chevallier
and Polarski [393] & Linder [394]. At linear order we have
w(z) = w0 +w1
z
z + 1
. Jassal et al. [89] extended this to
a more general case with
w(z) = w0 + w1
z
(z + 1)p
. (441)
For example one has w(∞) = w0 + w1 for p = 1 and
w(∞) = w0 for p = 2. Thus the difference appears for
larger z depending on the values of p. Case (iv) was
introduced by Efstathiou [395]. Basically the Taylor ex-
pansions were taken to linear order (n ≤ 1) for the cases
(ii), (iii) and (iv), which means that two parameters w0
and w1 are constrained from observations.
A different approach was proposed by Bassett et
al. [396] and was further developed by Corasaniti and
Copeland [397]. It allows for tracker solutions in which
there is a rapid evolution in the equation of state, some-
thing that the more conventional power-law behavior can
not accommodate. This has some nice features in that
it allows for a broad class of quintessence models to be
accurately reconstructed and it opens up the possibil-
ity of finding evidence of quintessence in the CMB both
through its contribution to the ISW effect [397, 398] and
as a way of using the normalization of the dark energy
power spectrum on cluster scales, σ8, to discriminate be-
tween dynamical models of dark energy (Quintessence
models) and a conventional cosmological constant model
[53, 54].
This Kink approach can be described by a 4-parameter
parametrization, which is
w(a) = w0 + (wm − w0)Γ(a, at,∆) , (442)
where Γ is the transition function which depends upon a,
at and ∆. Here at is the value of the scale factor at a tran-
sition point between w = wm, the value in the matter-
dominated era, and w = w0, the value today, with ∆ con-
trolling the width of the transition. The parametrization
(442) is schematically illustrated in Fig. 15. The transi-
tion function used in the papers [389, 397, 399] is of the
general form
Γ(a, at,∆) =
1 + eat/∆
1 + e(at−a)/∆
1− e(1−a)/∆
1− e1/∆ . (443)
Its advantage is that it can cope with rapid evolution of
w, something which is difficult to be realized for the case
of the Taylor expansions given above.
B. Observational constraints from SN Ia data
There has been recent interest in how successfully the
equation of state of dark energy can be constrained with
SN Ia observations. For the Taylor expansion at linear or-
der (n ≤ 1), Bassett et al. [389] found the best fit values
shown in Table VIII by running a Markov-Chain Monte
Carlo (MCMC) code with the Gold data set [85]. Note
that these were obtained by minimizing χ2 = −2logL,
where L is the likelihood value.
Meanwhile the Kink formula (442) gives the best-fit
values: w0 = −2.85, wm = −0.41, at = 0.94 and ln(∆) =
−1.52 with χ2 = 172.8. This best-fit case corresponds
to the equation of state which is nearly constant (w ∼
wm) for z > 0.1 and rapidly decreases to w = w0 for
z < 0.1. This behavior is illustrated in Fig. 16 together
with the 2σ limits of several parametrizations. We find
that the best-fit solution passes outside the limits of all
three Taylor expansions for 0.1 . z . 0.3 and z . 0.1.
It suggests that the Taylor expansions at linear order
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Parametrization w0 w1
Redshift −1.30±0.430.52 1.57±1.681.41
Scale factor −1.48±0.570.64 3.11±2.983.12
Logarithmic −1.39±0.500.57 2.25±2.192.15
TABLE VIII: Best fits values of w0 and w1 for several different Taylor expansions at linear order. Error bars correspond to the
1σ confidence level. From Ref. [389].
a
w(a)
w
0
m
w
at1
Small z                           Large z
D
FIG. 15: Schemtic illustration of the equation of state of dark
energy for the kink parametrization (442).
are not sufficient to implement the case of such rapid
evolution of w(z). Note the general similarities with the
results in Ref. [80] shown in Fig. 13.
In Ref. [389] it was found that the redshift zc at which
the universe enters an accelerating stage strongly de-
pends upon the parameterizations of w(z). The ΛCDM
model corresponds to zc = 0.66±0.110.11, which is consis-
tent with the estimation (47). One has zc = 0.14±0.140.05
in redshift parametrization [w(z) = w0 + w1z] and
zc = 0.59±8.910.21 in scale-factor parametrization [w(z) =
w0+w1z/(1+z)]. While these large differences of zc may
be used to distinguish the cosmological constant from dy-
namical dark energy models, this also casts doubt on the
use of standard two-parameter parametrizations in terms
of w0 and w1.
If we include higher-order terms (n ≥ 2) in the Taylor
expansions (435), the above problems can be alleviated
to some extent. In this case it was found by Bassett et
al. [389] that the allowed ranges of w0 are shifted toward
smaller values with a maximum likelihood w0 ∼ −4. In
addition huge values of w1 ∼ 50 and w2 ∼ −100 are
allowed.
The above results show that observational constraints
on the equation of state of dark energy are sensitive to the
parametrization of it and that we require at least three
parameters to address a wide range of the variation of
w(z). In Ref. [389] it was found that the χ2 for the best-
FIG. 16: Evolution of the equation of state of dark energy for
the best-fit Kink parametrization. The maximized limits on
w(z) are shown for (a) redshift (red dashed line), (b) scale-
factor (green dash-dotted), (c) logarithmic (blue-dotted), and
(d) Kink (solid black lines) parametrizations. From Ref. [389].
fit Kink parametrization is lowest compared to the values
in the linear Taylor expansions. This situation changes if
we account for the second-order term (n = 2); then the
redshift parametrization gives the lowest χ2.
A question then arises: How many dark energy param-
eters do we need to describe the dark energy dynamics?
This may be addressed by using the Akaike information
criterion (AIC) and Bayesian Information criterion (BIC)
[65, 400] (see also Refs. [401]). These two criteria are de-
fined as:
AIC = −2 ln L+ 2kp , (444)
BIC = −2 ln L+ kp ln N . (445)
Here L is the maximum value of the likelihood, kp is
the number of parameters and N is the number of data
points. The optimal model minimizes the AIC or BIC.
In the limit of large N , AIC tends to favour models with
more parameters while BIC more strongly penalizes them
(since the second term diverges in this limit). BIC pro-
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vides an estimate of the posterior evidence of a model
assuming no prior information. Hence BIC is a useful ap-
proximation to a full evidence calculation when we have
no prior on the set of models. Bassett et al. found that
the minimum value of BIC corresponds to the ΛCDM
model [389]. This general conclusion has been confirmed
in the recent work of Ref. [402]. It is interesting that
the simplest dark energy model with only one parame-
ter is preferred over other dynamical dark energy mod-
els. This situation is similar to early universe inflation
in which single-field models are preferred over multi-field
models from two information criteria [403]. Ending this
subsection on a cautionary note, Corasaniti has recently
emphasised how extinction by intergalactic gray dust in-
troduces a magnitude redshift dependent offset in the
standard-candle relation of SN Ia [404]. It leads to over-
estimated luminosity distances compared to a dust-free
universe and understanding this process is crucial for an
accurate determination of the dark energy parameters.
C. Observational constraints from CMB
Let us consider observational constraints arising from
the CMB. The temperature anisotropies in CMB are ex-
panded in spherical harmonics: δT/T = ΣalmYlm. The
CMB spectrum, Cl ≡ 〈|alm|2〉, is written in the form [70]
Cl = 4π
∫
dk
k
Pini(k)|∆l(k, η0)|2 , (446)
where Pini(k) is an initial power spectrum and ∆l(k, η0)
is the transfer function for the l multipoles of the k-th
wavenumber at the present time η0 (here we use confor-
mal time: η ≡ ∫ a−1dt). The initial power spectrum is
nearly scale-invariant, which is consistent with the pre-
diction of an inflationary cosmology.
The dynamical evolution of dark energy affects the
CMB temperature anisotropies in at least two ways.
First, the position of the acoustic peaks depends on the
dark energy dynamics because of the fact that an angular
diameter distance is related to the form of w(z). Second,
the CMB anisotropies are affected by the ISW effect.
In order to understand the effect of changing the po-
sition of acoustic peaks, let us start with the constant
equation of state w of dark energy. The presence of dark
energy induces a shift by a linear factor s in the l-space
positions of the acoustic peaks. This shift is given by
[405]
s =
√
Ω
(0)
m D , (447)
where D is an angular diameter distance which is written
as
D =
∫ zdec
0
dz√
Ω
(0)
m (1 + z)3 +Ω
(0)
DE(1 + z)
3(1+w)
,
(448)
FIG. 17: The shift of the power spectrum for the equation
of state w = −0.5,−1.0,−2.0,−4.0 with h = 0.69, Ω(0)CDM =
0.252 and Ω
(0)
b = 0.046. The spectrum shifts toward larger l
for smaller w. From Ref. [405].
where zdec is the redshift at decoupling. The shift of the
power spectrum is proportional to sl. In Fig. 17 we show
a CMB angular power spectrum with the relative denisty
in cold dark matter Ω
(0)
CDM = 0.252 and that in baryons
Ω
(0)
b = 0.046, for various values of w. As we decrease w,
the power spectrum is shifted toward smaller scales (i.e.,
larger l).
The transfer function ∆l(k, η0) in Eq. (446) can be
written as the sum of the contribution coming from the
last scattering surface and the contribution from the ISW
effect. This ISW contribution is given by [406]
∆ISWl (k) = 2
∫
dηe−τ
dΦ
dη
jl[k(η − η0)] , (449)
where τ is the optical depth due to scattering of photons,
Φ is the gravitational potential, and jl are the Bessel
functions. As we showed in Sec. XI the gravitational po-
tential is constant in the matter-dominated period, which
means the absence of the ISW effect. However the pres-
ence of dark energy leads to a variation of Φ, which gives
rise to the ISW effect. This is especially important for
large-scale perturbations corresponding to l . 20. In
particular coupled dark energy models can have a strong
impact on the CMB spectrum.
There have been a number of papers placing con-
straints on the equation of state of dark energy by com-
bining the CMB data sets (WMAP1) together with SN
Ia and LSS [51, 89, 405, 407, 408, 409, 410, 412, 413,
414, 415, 416]. Melchiorri et al. [405] studied the case
of constant w and found that the combined analysis of
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FIG. 18: CMB angular power spectra for three different
models without dark energy perturbations. The solid line,
dotted line and dashed line correspond to (a) w = −1,
Ω
(0)
m = 0.3, Ω
(0)
b = 0.05, H0 = 65 kms
−1Mpc−1, (b) w = −0.6,
Ω
(0)
m = 0.44, Ω
(0)
b = 0.073, H0 = 54 kms
−1Mpc−1, and (c)
w = −2.0, Ω(0)m = 0.17, Ω(0)b = 0.027, H0 = 84 kms−1Mpc−1,
respectively. When w = −2 there is a large contribution to
low multipoles from the ISW effect. From Ref. [410].
CMB (WMAP1), HST, SN Ia and 2dF data sets gives
−1.38 < w < −0.82 at the 95 % confidence level with
a best-fit model w = −1.05 and Ω(0)m = 0.27. We note
that this result was obtained by neglecting perturbations
in the dark energy component. Pogosian et al. [416]
analysed the way that future measurements of the ISW
effect could constrain dynamical dark energy models as
a function of redshift, w(z). Introducing a new param-
eterization of w, the mean value of w(z) as an explicit
parameter, they argue that it allows them to separate
the information contained in the estimation of the dis-
tance to the last scattering surface (from the CMB) from
the information contained in the ISW effect.
Weller and Lewis [410] studied the contribution of dark
energy perturbations with constant w. In Fig. 18 the
CMB power spectrum is plotted in the case where dark
energy perturbations are neglected for w = −1, w = −0.6
and w = −2. This shows that the ISW effect is siginifi-
cant for w < −1, whereas there is a small contribution to
the low multipoles for w > −1. The situation changes
in the presence of dark energy perturbations. When
w is larger than −1, the inclusion of dark energy per-
turbations increases the large scale power (see Fig. 19).
For w < −1 dark energy fluctuations partially cancel
the large contribution from the different evolution of the
background via matter perturbations. As is clearly seen
from Figs. 18 and 19, the inclusion of perturbations in
the dark energy component increases the degeneracies.
In fact the combined analysis of the WMAP1 (first year),
ACBAR and CBI data together with a prior from BBN
and HST shows that even the values w < −1.5 are al-
FIG. 19: CMB angular power spectra for three different mod-
els with dark energy perturbations. Each line corresponds to
the same model parameters as in Fig. 18. From Ref. [410].
lowed if we take into account dark energy fluctuations
[410]. When SN Ia data are added in the anlysis, Weller
and Lewis [410] obtained a constraint: w = −1.02± 0.16
at 1σ level for the speed of sound c2s = 1. This result
does not change much even allowing for different values
of the speed of sound, see Fig. 20.
A similar conclusion is reached in [411], where the
authors investigate the possibility of constraining dark
energy with the ISW effect recently detected by cross-
correlating the WMAP1 maps with several LSS surveys,
concluding that current available data put weak limits
on a constant dark energy equation of state w. In fact
they find no constraints on the dark energy sound speed
c2s. For quintessence-like dark energy (c
2
s=1) they find
w < −0.53. Hopefully, better measurements of the CMB-
LSS correlation will be possible with the next generation
of deep redshift surveys and this will provide independent
constraints on the dark energy which are alternative to
those usually inferred from CMB and SN-Ia data.
Let us next consider the case of a dynamically chang-
ing w. If the equation of state changes from w > −1
to w < −1, the perturbations become unstable when
the system crosses a cosmological constant boundary.
This problem can be alleviated in the presence of non-
adiabatic pressure perturbations. In fact it was shown
in Refs. [418] that the phantom divide crossing can be
realized in multiple scalar field models.
A number of authors [51, 89, 90, 413] placed con-
straints on the dynamical evolution of dark energy by
using several parametrizations of w(z) or ρ(z). When
the phantom divide crossing occurs, these results should
be regarded as speculative since the evolution of dark
energy perturbations around w = −1 was not fully ad-
dressed. For a complete analysis we need to take into
account non-adiabatic perturbations which makes dark
energy gravitationally stable.
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FIG. 20: Likelihood contours for w and Ω
(0)
m in the case of con-
stant equation of state of dark energy at the 68% and 95% con-
fidence levels. This is a combined analysis of CMB (WMAP1),
2dF, SN Ia, HST and BBN data sets. The solid line corre-
sponds to c2s = 1, whereas the dashed line to marginalizing
over c2s. From Ref. [410].
Corasaniti et al. [51] restricted the models to those
with w(z) ≥ −1 in order to avoid the instability of per-
turbations. The authors used the Kink parametrization
(442) with (443) and performed the likelihood analysis by
varying four dark energy parametrs (w0, wm, at,∆) and
six cosmological parametrs (Ω
(0)
DE,Ω
(0)
b h
2, h, nS, τ, AS).
The total likelihood is taken to be the product of each
data set (CMB, SN-Ia and LSS)
χ2tot = χ
2
WMAP1 + χ
2
SNIa + χ
2
2dF . (450)
The 2dF data does not provide strong constraints on
dark energy beyond those obtained using CMB + SN-Ia
data set. The total χ2tot of this model is 1602.9, whereas
the best fit ΛCDM model has χ2tot = 1605.8. The to-
tal number of degrees of freedom is 1514, which shows
that none of the fits are very good. This is mainly due
to the WMAP1 data. Corasaniti et al. evaluated AIC
and BIC defined in Eqs. (444) and (445), and found that
the quintessence models have an AIC of 1622.9 and the
ΛCDM model of 1617.8. This means that the ΛCDM
model is favoured over the quintessence model. This
property also holds when the BIC criterion is used.
In the case of quintessence, the best-fit dark energy
parameters are given by wm = −0.13, at = 0.48, w0 =
−1.00 and ∆ = 0.06. This corresponds to a transition in
which w(z) does not vary much for z > 2 (w(z) ∼ wm =
−0.13) and rapidly changes around z = 1 toward w0 =
−1.00. Models with wm ≥ 0 for z > 1 with fast transition
at z ≤ 1 are ruled out. This is because the models with
FIG. 21: The variation of dark energy density is shown as
a function of redshift for the parameterisation (441) with
p = 1. This is the combined constraints from WMAP1 and
SNLS data. The green/hatched region is excluded at 68%
confidence limit, red/cross-hatched region at 95% confidence
level and the blue/solid region at 99% confidence limit. The
white region shows the allowed range of variation of dark en-
ergy at 68% confidence limit. The phantom like models have
ρDE(z)/ρDE(z = 0) < 1. The allowed values of w0 at 95%
confidence limit for this parameterisation are −1.89 < w0 <
−0.61 (with SNLS data), −1.64 < w0 < −0.42 (with WMAP1
data) and −1.46 < w0 < −0.81 when we combine the SNLS
and WMAP1 data. The values for w1 for these data sets are
constrained to lie in the range −4.82 < w1 < 3.3 (SNLS),
−3.09 < w1 < 1.32 (WMAP1) and −0.99 < w1 < 1.04 (com-
bined). This clearly shows that the WMAP1 data is more
effective in constraining the equation of state parameters are
compared to the supernova data. From Ref. [419].
transition at z < 10 with wm > −0.1 lead to a non-
negligible dark energy contribution at decoupling which
is strongly constrained by CMB. Then perfect tracking
behaviour for which w = 0 during the matter era with
late time fast transition from tracking to acceleration are
disfavoured. On the other hand models with approximate
tracking behaviour slowly varying equation of state with
w0 < −0.8 and wm > −0.1 are consistent with data.
These include quintessence models with inverse power
law potential [10, 16], supergravity inspired potentials
[275] and off tracking quintessence models [420]. We note
that models of late-time transitions [421] (see also [422])
have a similar property to the best-fit model.
The recent results published in Ref. [92], using a dif-
ferent data set can be seen in Fig 21. We note that
dark energy perturbations are not taken into account in
their analysis. Figure 21 shows that everything is per-
fectly consistent with a true non evolving cosmological
constant. The fact that different data sets have been
used (e.g., Gold SN in Ref. [80] versus SNLS in Ref. [92]),
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as well as different priors, such as the value of Ω
(0)
m and
the parametrisation for w(z) could well lead to different
conclusions. Basically it is still too early to say whether
observations prefer varying w or constant w at present.
An interesting alternative approach to parameterising
dark energy has been proposed in [423] where they de-
velop a phenomenological three parameter fluid descrip-
tion of dark energy which allows them to include an im-
perfect dark energy component on the large scale struc-
ture. In particular in addition to the equation of state
and the sound speed, they allow a nonzero viscosity pa-
rameter for the fluid. It means that anisotropic stress
perturbations are generated in the dark energy, some-
thing which is not excluded by the present day cosmo-
logical observations. They also investigate structure for-
mation of imperfect fluid dark energy characterized by
an evolving equation of state, concentrating on unified
models of dark energy with dark matter, such as the
Chaplygin gas or the Cardassian expansion, with a shear
perturbation included.
D. Cross-correlation Tomography
An interesting approach for measuring dark energy
evolution with weak lensing has been proposed by Jain
and Taylor [424]. They developed a cross-correlation
technique of lensing tomography. The key concept they
were able to use, was that the variation of the weak lens-
ing shear with redshift around massive foreground ob-
jects such as bright galaxies and clusters depends solely
on ratios of the angular diameter distances. By using
massive foreground halos they can compare relatively
high, linear shear values in the same part of the sky, al-
lowing them to effectively eliminate the dominant source
of systematic error in cosmological weak lensing measure-
ments.
They estimate the constraints that deep lensing sur-
veys with photometric redshifts can provide on the ΩDE,
the equation of state parameter w and w′ ≡ dw/dz.
They claim that the accuracies on w and w′ are: σ(w) ≃
0.02f
−1/2
sky and σ(w
′) ≃ 0.05f−1/2sky , where fsky is the frac-
tion of sky covered by the survey and σ(ΩDE) = 0.03
is assumed in the marginalization. When this cross-
correlation method is combined with standard lensing
tomography, which possess complementary degeneracies,
Jain and Taylor argue that it will allow measurement
of the dark energy parameters with significantly better
accuracy than has previously been obtained [424].
In [425] constraints on quintessence models where the
acceleration is driven by a slow-rolling scalar field are
investigated, focusing on cosmic shear, combined with
supernovae Ia and CMB data. Based on earlier the-
oretical work developed in [426], the authors combine
quintessence models with the computation of weak lens-
ing observables, and determine several two-point shear
statistics with data that includes, for the first time, the
”gold set” of supernovae Ia, the WMAP-1 year data and
the VIRMOS-Descart and CFHTLS-deep and -wide data
for weak lensing. In doing so, it is the first analysis
of high-energy motivated dark energy models that uses
weak lensing data, and allows for the exploration of larger
angular scales, using a synthetic realization of the com-
plete CFHTLS-wide survey as well as next space-based
missions surveys. In other words it opens up the possi-
bility of predicting how future wide field imagers can be
expected to perform.
E. Constraints from baryon oscillations
In addition to SN Ia, CMB and LSS data, the recently
observed baryon oscillations in the power spectrum of
galaxy correlation functions also constrain the nature of
dark energy [427] (see also Refs [429, 431]). The uni-
verse before the decoupling consists of a hot plasma of
photons, baryons, electrons and dark matter. The tight
coupling between photons and electrons due to Thomp-
son scattering leads to oscillations in the hot plasma. As
the universe expands and cools, electrons and protons
combine into atoms making the universe neutral. The
acoustic oscillations then cease but become imprinted on
the radiation as well as on the baryons and should be
seen in the spectrum of galaxy correlations today.
The detection of imprints of these oscillations in the
galaxy correlation function is difficult as the signal is su-
pressed by the fractional energy density of baryons which
is about 4% of the total cosmic budget. Thus a large vol-
ume of the universe is required to be surveyed in order
to detect the signature. Recently, the imprints of baryon
oscillations were observed by the Sloan Digital Sky Sur-
vey [427]. A peak in the correlation function was found
around 100h−1Mpc separation. With this finding it has
been possible to measure the ratio of the distances at
redshifts z = 0.35 and z = 1089 to a high accuracy.
From the CMB radiation it is possible to constrain
the angular diameter distance at a redshift z = 1089
for fixed values of Ω
(0)
m h2 and Ω
(0)
b h
2. In the case of a
flat model with a cosmological constant Λ, this distance
depends only on the energy fraction of Λ. These mesure-
ments therefore can be used to constrain Ω
(0)
Λ or Ω
(0)
m
to good precision. The consideration of the flat model
with an unknown equation of state w 6= −1 provides us
a 2-dimensional parameter space [for instance (Ω
(0)
Λ , w)]
which requires more information in addition to the CMB
acoustic scale. With recent detection of baryon oscil-
lations, we have the possibilty to accurately constrain
one more parameter, say, the equation of state or Ω
(0)
K .
In the case of constant w, Eisentein et al. found that
w = −0.80± 0.18 and Ω(0)m = 0.326± 0.037 [427], which
gives an independent confirmation of dark energy. For
another approach to dark energy including the input of
baryon oscillations see [428].
The measurements of baryon oscillations, however,
can say nothing about the dynamics of dark energy at
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FIG. 22: Large-scale redshift-space correlation function (mul-
tiplied by the square of the separation s) from the SDSS sur-
vey. From top to bottom the models are Ω
(0)
m h
2 = 0.12, 0.13,
0.14 and 0.105 with Ω
(0)
b h
2 = 0.024. The bottom one cor-
responds to a pure cold dark matter model, which does not
have an acoustic peak. Meanwhile there exist acoustic peaks
around 100h−1Mpc in other models. From Ref. [427].
present. For that, the dynamical equation of state w(z)
would require additional information coming from LSS
such as the observation on baryon oscillations at higher
values of the redshift which is one of the dreams of fu-
ture missions of LSS studies. Finally, a word of caution.
Forcing w to be equal to a constant can lead to bias,
thereby hiding the actual dynamics of dark energy. Pre-
sumably, future surveys of large scale structure at other
redshifts or perhaps more abitious measurements ofH(z)
at different values of z will provide vital information for
establishing the nature of dark energy [429]. In an in-
teresting approach using the current astronomical data
and based on the use of the Bayesian information crite-
ria of model selection, Szydlowski et al. have analysed
a class of models of dynamical dark energy, arriving at
their top ten accelerating cosmological models [432]. The
interested reader, wishing to learn more about the obser-
vational status of dark energy may want to look at the
recent lectures of Perivolaropoulos [433].
XIV. THE FATE OF A DARK ENERGY
UNIVERSE–FUTURE SINGULARITIES
In this section we shall discuss the future singularities
which can in principle appear in a dark energy universe.
When the equation of state of dark energy is less than
−1, the universe reaches a Big Rip singularity within a
finite time. In this case the null energy condition
ρ+ p ≥ 0 , (451)
is violated. Barrow [434] showed that a different type of
future singularity can appear at a finite time even when
the strong energy condition
ρ+ 3p ≥ 0 , ρ+ p ≥ 0 , (452)
is satisfied (see also Refs. [436]). This sudden future sin-
gularity corresponds to the one in which the pressure
density p diverges at t = ts but the energy density den-
sity ρ and the scale factor a are finite.
There exist a number of different finite-time singular-
ities in a dark energy universe. The future-singularities
can be classified into the following five classes [384]:
• Type I (“Big Rip”) : For t → ts, a → ∞, ρ → ∞
and |p| → ∞
• Type II (“sudden”) : For t → ts, a → as, ρ → ρs
and |p| → ∞
• Type III : For t→ ts, a→ as, ρ→∞ and |p| → ∞
• Type IV : For t → ts, a → as, ρ → 0, |p| → 0 and
higher derivatives of H diverge.
• Type V : For t → ts, a → ∞, ρ → ρs, p → ps and
higher derivatives of H diverge.
Here ts, as, ρs and ps are constants with as 6= 0. The type
I corresponds to the Big Rip singularity [82], whereas
the type II corresponds to the sudden future singularity
mentioned above. The type III singularity has been dis-
covered in the model of Ref. [437] and is different from
the sudden future singularity in the sense that ρ diverges.
The type IV is found in Ref. [384] for the model described
below. This also includes the case when ρ (p) or both
of them tend to approach some finite values while higher
derivative ofH diverge. The type V is called a “quiescent
singularity” that appears in braneworld models [435].
In what follows we shall describe some concrete models
which give rise to the above singularities. Let us consider
the equation of state of dark energy which is given by
p = −ρ− f(ρ) , (453)
where f(ρ) is a function in terms of ρ. We note that
this type of an equation of state may be related to bulk
viscosity [438]. The function f(ρ) characterizes the de-
viation from a ΛCDM cosmology. Nojiri and Odintsov
[437] proposed the function of the form f(ρ) ∝ ρα and
this case was studied in detail in Ref. [439]. For the equa-
tion of state (453) with f(ρ) 6= 0 the continuity equation
(159) is written in an integrated form as:
a = a0 exp
(
1
3
∫
dρ
f(ρ)
)
, (454)
where a0 is constant. In the absence of any barotropic
fluid other than dark energy, the Hubble rate satisfies
Eq. (9) with K = 0. Then we obtain the following rela-
tion
t =
∫
dρ
κ
√
3ρf(ρ)
. (455)
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In what follows we shall study the properties of future
singularities for several choices of the function f(ρ) es-
tablishing the relation between the singularities and the
behavior of f(ρ).
A. Type I and III singularities
Type I and III singularities appear when the function
f(ρ) is given by
f(ρ) = Aρα , (456)
where A and α are constants. Let us consider a situa-
tion in which ρ goes to infinity with positive α. From
Eqs. (454) and (455) we have
a = a0 exp
[
ρ1−α
3(1− α)A
]
, (457)
and
t = ts +
2√
3κA
ρ−α+1/2
1− 2α , for α 6=
1
2
, (458)
t = ts +
ln ρ√
3κA
, for α =
1
2
, (459)
where ts is constant.
When α > 1, the scale factor is finite even for ρ→∞.
When α < 1 we find a→∞ (a→ 0) as ρ→∞ for A > 0
(A < 0). If α > 1/2 the energy density ρ diverges in
the finite future or past (t = ts). On the other hand, if
α ≤ 1/2, ρ diverges in the infinite future or past.
Since the pressure is given by p ∼ −ρ−Aρα, p always
diverges when ρ becomes infinite. The equation of state
of dark energy is
w =
p
ρ
= −1−Aρα−1 . (460)
When α > 1 one has w → +∞ (w → −∞) as ρ → ∞
for A < 0 (A > 0). Meanwhile when α < 1, w → −1 +
0 (−1− 0) for A < 0 (A > 0).
From the above argument, one can classify the singu-
larities as follows:
1. α > 1:
There exists a type III singularity. w → +∞ (−∞)
if A < 0 (A > 0).
2. 1/2 < α < 1:
There is a type I future singularity forA > 0. When
A < 0, one has a → 0 as ρ → ∞. Hence if the
singularity exists in the past (future), we may call
it Big Bang (Big Crunch) singularity. w→ −1 + 0
(−1− 0) if A < 0 (A > 0).
3. 0 < α ≤ 1/2:
There is no finite future singularity.
When α < 0, it was shown in Ref. [439] that the type
II singularity appears when ρ approaches 0. In the next
subsection we shall generalize this to a more general case.
B. Type II singularity
Let us consider the function
f(ρ) = C(ρ0 − ρ)−γ , (461)
where C, ρ0 and γ are constants with γ > 0. We study
the case in which ρ is smaller than ρ0. In the limit
ρ → ρ0, the pressure p becomes infinite because of the
divergence of f(ρ). The scalar curvature R also diverges
since R = 2κ2 (ρ− 3p). The equation of state of dark
energy is
w = −1− C
ρ(ρ0 − ρ)γ . (462)
Hence, w → −∞ for C > 0 and w → ∞ for C < 0 as
ρ→ ρ0.
From Eq. (454) the scale factor is given by
a = a0 exp
[
− (ρ0 − ρ)
γ+1
3C(γ + 1)
]
, (463)
which means that a is finite for ρ = ρ0. Since the Hubble
rate H ∝ √ρ is nonsingular, a˙ remains finite. On the
other hand Eq. (12) shows that a¨ diverges for ρ → ρ0.
By using Eq. (455) we find the following relation around
ρ ∼ ρ0:
t ≃ ts − (ρ0 − ρ)
γ+1
κC
√
3ρ0(γ + 1)
, (464)
where ts is an integration constant. Then we have t = ts
for ρ = ρ0. The above discussion shows that the function
f(ρ) in Eq. (461) gives rise to the type II singularity. We
note that the strong energy condition (452) is satisfied
for C < 0 around ρ = ρ0. This means that the sudden
singularity appears even in the case of a non-phantom
dark energy (w > −1).
This type II singularity always appears when the de-
nominator of f(ρ) vanishes at a finite value of ρ. The
model (456) with negative α is a special case of the model
(461) with ρ0 = 0.
C. Type IV singularity
In Ref. [384] it was shown that the type IV singularity
can appear in the model given by
f(ρ) =
ABρα+β
Aρα +Bρβ
, (465)
where A, B, α and β are constants. We note that this
model also gives rise to the type I, II, III singularities
[384].
In what follows we shall study the case with α = 2β−1.
Then Eqs. (454) and (455) are integrated to give
a = a0 exp
{
−1
3
[
ρ−α+1
(α− 1)A +
ρ−β+1
(β − 1)B
]}
, (466)
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and
2
4β − 3ρ
− 4β−32 +
2A
(2β − 1)Bρ
− 2β−12
= −
√
3κA(t− ts) ≡ τ , (467)
where ts is an integration constant. Equation (467) is
valid for β 6= 1, β 6= 3/4, and β 6= 1/2.
Let us consider the case with 0 < β < 1/2. In this case
the pressure density behaves as
p ∼ −ρ−Bρβ, when ρ ∼ 0 . (468)
Equation (467) shows that t → ts as ρ → ρ0. Then
from Eq. (468) one has p → 0 and ρ → 0 as t → ts.
By using Eqs. (466) and (467) we obtain the following
relation around t = ts:
ln (a/a0) ∝ τs, s = 1− 1
2β − 1 . (469)
Hence the scale factor is finite (a = a0) at t = ts.
From Eq. (469) we find that s > 2 for 0 < β < 1/2,
which means that H and H˙ are finite. However dnH/dtn
diverges for n > −1/(2β − 1) as long as s is not an inte-
ger. This corresponds to the type IV singularity in which
higher-order derivatives of H exhibit divergence even if
a, ρ and p are finite as t → ts. In this case w → +∞
(−∞) for B < 0 (B > 0).
Thus we have shown that the equation of state given by
Eq. (453) has a rich structure giving rise to four types of
sudden singularities. We note that there are other types
of equation of state which lead to the singularities men-
tioned above, see Refs. [434, 436]. In the presence of a
bulk viscosity ζ the effective pressure density is given by
peff = p−3ζH [440]. This was generalized to a more gen-
eral inhomogeneous dark energy universe in Ref. [441].
Such inhomogeneous effects can change the type of sin-
gularities discussed in this section. See Refs. [442] for
other interesting aspects of future singularities.
Finally, we should mention that the model studied
in Ref. [115] provides an alternative mechanism for the
emergence of future singularities, see Ref. [443] for de-
tails.
XV. DARK ENERGY WITH HIGHER-ORDER
CURVATURE CORRECTIONS
In the previous section, we saw that a dark energy uni-
verse with singularities is typically associated with the
growth of the curvature of the universe. For the models
we have been considering, the type I, II, III singulari-
ties lead to the divergence of the Ricci scalar R at finite
time. In such circumstances we expect that the effect of
higher-order curvature terms can be important around
singularities [384, 437, 444, 445, 446, 447, 448, 449, 450].
This may moderate or even remove the singularities.
Let us consider the following action with a correction
term L(φ)c :
S =
∫
dDx
√−g
[
1
2
f(φ,R)− 1
2
ζ(φ)(∇φ)2 − V (φ)
+ξ(φ)Lc + L(φ)ρ
]
, (470)
where f is a generic function of a scalar field φ and the
Ricci scalar R. ζ, ξ and V are functions of φ. L(φ)ρ is the
Lagrangian of a perfect fluid with energy density ρ and
pressure density p. The barotropic index, w ≡ p/ρ, is as-
sumed to be constant. In general the fluid can couple to
the scalar field φ. We note that the action (470) includes
a wide variety of gravity theories such as Einstein grav-
ity, scalar-tensor theories and low-energy effective string
theories. In what follows we shall consider two types of
higher-order correction terms and investigate the effects
on the future singularities.
A. Quantum effects from a conformal anomaly
Let us first study the effect of quantum effects in four
dimensions by taking into account the contribution of the
conformal anomaly as a backreaction. We shall consider
the case of a fixed scalar field without a potential in which
the barotropic fluid Lρ is responsible for dark energy, i.e.,
f = R, ζ = 0, V = 0 and ξ = 1 in Eq. (470).
The conformal anomaly TA takes the following form
[384, 437, 444]:
TA = b1
(
F +
2
3
2R
)
+ b2G+ b32R , (471)
where F is the square of a 4-dimensional Weyl tensor, G
is a Gauss-Bonnet curvature invariant, which are given
by
F = (1/3)R2 − 2RijRij +RijklRijkl , (472)
G = R2 − 4RijRij +RijklRijkl . (473)
With N scalar, N1/2 spinor, N1 vector fields, N2 (= 0 or
1) gravitons andNHD higher derivative conformal scalars,
the coefficients b1 and b2 are given by
b1 =
N + 6N1/2 + 12N1 + 611N2 − 8NHD
120(4π)2
, (474)
b2 = −
N + 11N1/2 + 62N1 + 1411N2 − 28NHD
360(4π)2
.(475)
We have b1 > 0 and b2 < 0 for the usual matter except
for higher derivative conformal scalars. We note that b2
can be shifted by a finite renormalization of the local
counterterm R2, so b2 can be arbitrary.
The conformal anomaly is given by TA = −ρA + 3pA
in terms of the corresponding energy density ρA and the
pressure density pA. Using the continuity equation
ρ˙A + 3H (ρA + pA) = 0 , (476)
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TA can be expressed as
TA = −4ρA − ρ˙A/H . (477)
This then gives the following expression for ρA:
ρA = − 1
a4
∫
dt a4HTA
= − 1
a4
∫
dt a4H
[
−12b1H˙2 + 24b2(−H˙2 +H2H˙ +H4)
−(4b1 + 6b3)
(...
H + 7HH¨ + 4H˙
2 + 12H2H˙
)]
. (478)
In Ref. [451] a different form of ρA was obtained by re-
quiring that the quantum corrected energy momentum
tensor TAµν has the form as TAµν = (TA/4)gµν in the
conformal metric case rather than assuming the conser-
vation law (476).
Now, we are considering a universe with a dark en-
ergy fluid and quantum corrections. Then the Friedmann
equation is given by
3H2 = κ2 (ρ+ ρA) . (479)
Since the curvature is large around the singularity, we
may assume (3/κ2)H2 ≪ |ρA|. This gives ρA ∼ −ρ,
which reflects the fact that the conformal anomaly can
give rise a negative energy density coming from higher-
order curvature terms.
ρ˙+ 4Hρ
= H
[
−12b1H˙2 + 24b2(−H˙2 +H2H˙ +H4)
−(4b1 + 6b3)
(...
H + 7HH¨ + 4H˙
2 + 12H2H˙
)]
. (480)
One can understand whether the singularities may be
moderated or not by using this equation. We consider
a dark energy fluid with an equation of state given by
Eq. (453). As an example we study the case of the type II
(sudden) singularity for the model (461). From Eq. (464)
the evolution of the energy density ρ around the singu-
larity is described by
ρ ∼ ρ0 −
[
κC
√
3ρ0(γ + 1) (ts − t)
] 1
γ+1
. (481)
In the absence of quantum corrections the Hubble pa-
rameter is given by
H ∼ κ
√
ρ0
3
{
1− 1
2ρ0
[
κC
√
3ρ0(γ + 1) (ts − t)
] 1
γ+1
}
.
(482)
Although H is finite at t = ts, H˙ diverges there because
of the condition: 0 < 1/(γ + 1) < 1.
The situation is different if we include quantum cor-
rections. Let us assume the following form of ρ around
t = ts:
ρ = ρ0 + ρ1 (ts − t)ν , (483)
where ν is a positive constant. The continuity equation
(11) gives H = ρ˙/3f(ρ) for the equation of state (453),
thereby giving
H ∼ νρ
1+γ
1
3(−C) (ts − t)
−1+ν(1+γ)
. (484)
Here ν (1 + γ) is positive. Picking up the most singular
terms in Eq. (480) around the singularity, we find
ρ˙ ∼ −6
(
2
3
b1 + b3
)
H
...
H . (485)
Then substituting Eqs. (483) and (484) for Eq. (485), we
obtain ν = 4/(2γ + 1) and
ρ = ρ0 + ρ1 (ts − t)
4
2γ+1 , (486)
H ∝ (ts − t)
2γ+3
2γ+1 . (487)
This shows that both H and H˙ are finite because
(2γ+3)/(2γ+1) is larger than 1. Hence quantum effects
works to prevent the type II singularity. When the quan-
tum correction becomes important, this typically works
to provide a negative energy density ρA which nearly can-
cels with the energy density ρ of dark energy. This is the
reason why the Hubble rate does not diverge in such a
case. It was shown in Ref. [384] that the type I and
III singularities can be moderated as well in the pres-
ence of quantum corrections. This property also holds
for scalar-field dark energy models [444]. Thus quantum
effects can work to make the universe less singular or
completely nonsingular.
B. String curvature corrections
We now turn our attention to study the effect of higher-
order corrections [452] in low-energy effective string the-
ory in the presence of a dark energy fluid (see Ref.[453]
for cosmological relevance of strings and branes). In this
case the field φ in the action (470) corresponds to either
the dilaton or another modulus. At tree level the po-
tential of the field φ vanishes, so we include the α′-order
quantum corrections of the form:
Lc = a1RijklRijkl + a2RijRij + a3R2+ a4(∇φ)4 , (488)
where ai are coefficients depending on the string model
one is considering. The Gauss-Bonnet parametrization
(a1 = 1, a2 = −4 and a3 = 1) corresponds to the ghost-
free gravitational Lagrangian, which we shall focus on
below. See Ref. [448] for the cosmological dynamics in
the case of other parametrizations. The reader should
note that the expansion does not include the quantum
loop expansion which is governed by the string coupling
constant, as these have not been fully determined. It
could well be that these would also play an important
role in any dynamics, but we have to ignore them for
this argument.
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For a massless dilaton field the action (470) is given by
[164]
F = −ζ = e−φ, V = 0, ξ = λ
2
e−φ, (489)
where λ = 1/4, 1/8 for the bosonic and heterotic string,
respectively, whereas λ = 0 in the Type II superstring.
The choice of ξ corresponds to the tree-level correction.
In general the full contribution of n-loop corrections is
given by ξ(φ) =
∑
Cne
(n−1)φ, with coefficients Cn.
Generally moduli fields appear whenever a submani-
fold of the target spacetime is compactified with radii
described by the expectation values of the moduli them-
selves. In the case of a single modulus (one common
characteristic length) and heterotic string (λ = 1/8), the
four-dimensional action corresponds to [454]
F = 1, ζ = 3/2, a4 = 0, ξ = − δ
16
ln[2eφη4(ieφ)],
(490)
where η is the Dedekind function and δ is a constant
proportional to the 4D trace anomaly. δ depends on the
number of chiral, vector, and spin-3/2 massless super-
multiplets of the N = 2 sector of the theory. In general
it can be either positive or negative, but it is positive for
the theories which do not have too many vector bosons
present. Again the scalar field corresponds to a flat di-
rection in the space of nonequivalent vacua and V = 0.
At large φ the last equation can be approximated as
ξ,φ ≈ ξ0 sinhφ, ξ0 ≡ 1
24
πδ . (491)
As shown in Ref. [455] this is a very good approximation
to the exact expression (490).
In Ref. [448] cosmological solutions based on the ac-
tion (470) without a potential (V = 0) were discussed in
details for three cases–(i) fixed scalar field (φ˙ = 0), (ii)
linear dilaton (φ˙ = const), and (iii) logarithmic modulus
(φ˙ ∝ 1/t). For case (i) we obtain geometrical inflation-
ary solutions only for D 6= 4. Case (ii) leads to pure de-
Sitter solutions in the string frame, but this corresponds
to a contracting universe in the Einstein frame. These
solutions are unrealistic when we apply to dark energy
scenarios. In what follows we shall focus on cosmolog-
ical solutions in case (iii) in four dimensions (D = 4).
We assume that the dilaton is stabilized by some non-
perturbative mechanism.
In general the field φ can be coupled to a barotropic
fluid. We choose the covariant coupling Q introduced in
Sec. VII. Then the energy density ρ of the dark energy
fluid satisfies
ρ˙ =
[
−3H(1 + w) +Qφ˙
]
ρ . (492)
We also obtain the equations of motion for the modulus
system:
H˙ =
2ρ˙+ 3φ˙φ¨− 48H3ξ¨
12H(1 + 12Hξ˙)
, (493)
φ¨ = 16
dξ
dφ
H2(H2 + H˙)− 3Hφ˙− 2
3
Qρ . (494)
Let us search for future asymptotic solutions with the
following form
H ∼ ω1tβ , φ ∼ φ0 + ω2 ln t, ξ ∼ 1
2
ξ0e
φ0tω2 , (495)
ρ ∼ ρ0tQω2 exp
[
−3(1 + w)ω1
β + 1
tβ+1
]
, β 6= −1,(496)
ρ ∼ ρ0tα, β = −1, (497)
where ω1 and ω2 are real values of constants, and
α ≡ Qω2 − 3(1 + w)ω1 . (498)
Substituting Eqs. (495), (496) and (497) into Eqs. (493)
and (494), we can obtain a number of asymptotic solu-
tions depending on the regimes we are in [448]. Among
them the following two solutions are particularly impor-
tant.
1. Solution in a low-curvature regime
The solution which appears in a low-curvature
regime in which the ξ terms are subdominant at
late times, is characterized by
β = −1, ω2 < 2, (499)
together with the constraints
ω1 =
1
3
− 2Qρ0t
α+2
9ω2
, (500)
3ω22 = 12ω
2
1 − 4ρ0tα+2, (501)
α = Qω2 − 3(1 + w) ≤ −2. (502)
This corresponds to the solution ‘A∞’ in Ref. [454]
and describes the asymptotic solution of the tree-
level system (δ = 0).
2. Solution in a asymptotically flat-space regime
This solution appears in a situation where some of
the ξ terms contribute to the dynamics, and is given
by
β = −2, ω2 = 5, Q ≤ −2/5, (503)
ω31 =
1
24c1ξ0eφ0
(
15− 2Qρ0t5Q+2
)
, (504)
for a non-vanishing fluid. We note that this is dif-
ferent from the high-curvature solution in which the
ξ terms completely dominate the dynamics [448].
The solution corresponds to ‘C∞’ in Ref. [454]
and describes an asymptotically flat universe with
slowly expanding (or contracting) scale factor. In
fact an expanding solution is given by a(t) ∼
a0 exp(−ω1/t), which exhibits superinflation as t→
−0.
74
These solutions can be joined to each other if the cou-
pling constant δ is negative [454]. There exists an exact
solution for Eqs. (493) and (494), but this is found to
be unstable in numerical simulations of Ref. [448]. In
the asymptotic future the solutions tend to approach the
low-curvature one given by Eq. (499) rather than the oth-
ers, irrespective of the sign of the modulus-to-curvature
coupling δ.
Let us consider the case in which a phantom fluid
(w < −1) is present together with the modulus string
corrections. Equation (502) shows that the condition for
the existence of the low-curvature solution (499) is not
satisfied for Q = 0 and w < −1. However the presence
of the coupling Q can fulfill this condition. This suggests
that the Big Rip singularity may be avoided when the
modulus field φ is coupled to dark energy.
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FIG. 23: Evolution of H and ρ with ξ0 = −2, w = −1.1
for (a) Q = 0 and (b) Q = −5. We choose initial conditions
as Hi = 0.2, φi = 2.0 and ρi = 0.1. The curves (a1) and
(b1) represent the evolution of H for Q = 0 and Q = −5,
respectively, while the curves (a2) and (b2) show the evolution
of ρ for corresponding Q.
In Fig. 23 we show the evolution of H and ρ with neg-
ative δ for (a) Q = 0 and (b) Q = −5 in the presence of
the phantom fluid with w = −1.1. Although the solution
approaches a Big Rip singularity for Q = 0, this singu-
larity is actually avoided for Q = −5. In the latter case
the universe approaches the low-curvature solution given
by Eq. (499) at late times. Since the asymptotic values
of ω1 and ω2 are ω1 = 1/3 and ω2 = 2/3 from Eqs. (500)
and (501), the condition (502) for the existence of low-
curvature solution is Q < 3(w − 1)/2 = −3.15. Numeri-
cal calculations show that the Big Rip singularity can be
avoided for a wide range of initial conditions [448].
When Q > 0 the condition (502) is not satisfied for
ω2 > 0. However it is numerically found that the sys-
tem approaches the low-energy regime characterized by
ω1 = 1/3 and ω2 = −2/3 [448]. This negative value of
ω2 means that the Big Rip singularity may be avoided
even for positive Q. In fact H and ρ decrease when the
condition (502) is satisfied in the asymptotic regime.
When δ > 0, there is another interesting circumstance
in which the Hubble rate decreases but the energy den-
sity of the fluid increases [448]. This corresponds to the
solution in which the growing energy density ρ can bal-
ance with the GB term (ρ ≈ 24H3ξ˙ in the Friedmann
equation). Hence the Big Rip singularity does not ap-
pear even when w < −1 and Q = 0.
The above discussion shows that for a restricted class
of modulus-type string corrections there exists the pos-
sibility of avoiding the Big Rip singularity. We also note
that recent development of loop quantum cosmology al-
lows us to avoid several future singularities discussed in
Sec. XIV [456].
XVI. COSMIC ACCELERATION FROM
MODIFIED GRAVITY AND OTHER
ALTERNATIVES TO DARK ENERGY
The contribution of the matter content of the universe
is represented by the energy momentum tensor on the
right hand side of Einstein equations, whereas the left
hand side is represented by pure geometry. There are
then two ways to give rise to an accelerated expansion:
(i) either by supplementing the energy momentum ten-
sor by an exotic form of matter such as a cosmological
constant or scalar field; (ii) by modifying the geometry it-
self. The geometrical modifications can arise from quan-
tum effects such as higher curvature corrections to the
Einstein Hilbert action. In the previous section we have
used such curvature corrections to avoid future singulari-
ties in the presence of a dark energy fluid. In this section
we are interested in whether it is possible to obtain an
accelerated expansion driven by geometrical terms alone.
It is well known that the quadratic term in R leads to
an inflationary solution in the early universe [457]. In
this model the effective potential in the Einstein frame
vanishes at a potential minimum, in which case we can
not have a late time accelerated expansion of the uni-
verse. However, it was pointed out in Refs. [25, 26] that
late time acceleration can be realized by terms contain-
ing inverse powers of the Ricci scalar added to Einstein
Hilbert action7. However the original model (L ∝ 1/R)
is not compatible with solar system experiments [459]
and possess instabilities [460, 461] (see Refs. [27, 462] for
recent reviews). It was argued by Nojiri and Odintsov
[463] that the situation could be remedied by adding a
counterterm term proportional to R2 in the action (see
7 We note that inflationary solutions in such cosmological models
were already studied in 1993 in Ref. [458].
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also Refs. [464], however also see [465] for a different take
on the problem).
Another interesting approach which can avoid the
above mentioned problem is provided by Palatini for-
malism [466, 467, 468, 469, 470]. The Palatini for-
malism leads to differential equations of second order
even in presence of non-linear terms in R in the gravita-
tional action and is free from the problem of instabilities
[466, 467]. A variety of different aspects of f(R) grav-
ity and associated cosmological dynamics is discussed in
Ref. [471]. An interesting possibily of obtaining late time
acceleration from modified Gauss-Bonnet gravity is dis-
cussed in Ref. [472].
The other exiting possibility of obtaining accelerated
expansion is provided by theories with large extra dimen-
sions known as braneworlds. Being inspired by string the-
ory, our four dimensional spacetime (brane) is assumed
to be embedded in a higher dimensional bulk spacetime.
In these scenarios all matter fields are confined on the
brane whereas gravity being a true universal interaction
can propagate into the anti de Sitter bulk. In Randall-
Sundrum (RS) braneworld [300] the Einstein equations
are modified by high energy corrections [301, 302], but
this modification is generally not thought to be impor-
tant for late-time cosmology (However, see [299] for in-
teresting possibilities). The situation is reversed in the
braneworld model of Dvali-Gabadadze-Porrati (DGP)
[24] in which the brane is embedded in a Minkowski
bulk. They differ from the RS brane world by a cur-
vature term on the brane (see Ref. [473] for review and
Refs. [474] for related works). Unlike the RS scenario,
in DGP braneworld, gravity remains four dimensional at
short distances but can leak into the bulk at large dis-
tances leading to infrared modifications to Einstein grav-
ity. In the DGP model there is a cross-over scale around
which gravity manifests these higher-dimensional proper-
ties. This scenario is a simple one parameter model which
can account for the current acceleration of the universe
provided the cross-over scale is fine tuned to match ob-
servations.
In this section we shall briefly describe these two ap-
proaches for obtaining the current acceleration of the uni-
verse from modified theories of gravity.
A. f(R) gravities
Let us start with an action [25, 26]
S =
∫
d4x
√−g f(R) , (505)
where f(R) is an arbitrary function in terms of R. By
varying the action (505) with respect to the metric leads
to the following field equations
Gµν =
(
∂f
∂R
)−1 [
1
2
gµν
(
f − ∂f
∂R
R
)
+
{
∇µ∇ν ∂f
∂R
−2
(
∂f
∂R
)
gµν
}]
, (506)
where Gµν is an Einstein tensor.
Equation (506) looks complicated but can acquire a
simple form after a conformal transformation
g(E)µν = e
2ωgµν , (507)
where w is a smooth and positive function of space time
coordinates. Here ‘E’ denotes the metric in the Einstein
frame. From Eqs. (506) and (507) we find that the Ein-
stein tensor in the g
(E)
µν metric can be written as [165]
G(E)µν =
(
∂f
∂R
)−1 [
1
2
gµν
(
f − ∂f
∂R
R
)
+
{
∇µ∇ν ∂f
∂R
−2
(
∂f
∂R
)
gµν
}]
,
−2(∇µ∇νω −2ωgµν) + 2∇µω∇νω + (∇ω)2gµν .
(508)
If we choose the conformal factor of the form
2ω = ln
[
2κ2
∣∣∣∣ ∂f∂R
∣∣∣∣] , (509)
we find that the term (∂f/∂R)−1∇µ∇ν(∂f/∂R) cancels
with the term −2∇µ∇νω in Eq. (508). In this case ω
behaves like a scalar field φ, which is defined by
κφ ≡
√
6ω =
√
6
2
ln
[
2κ2
∣∣∣∣ ∂f∂R
∣∣∣∣] . (510)
Then the action in the Einstein frame is given by SE =∫
d4x
√−gEL with Lagrangian density
L = 1
2κ2
R(gE)− 1
2
(∇Eφ)2 − U(φ) , (511)
where
U(φ) = (sign)e−
2
√
6
3 κφ
[
(sign)
2κ2
Re
√
6
3 κφ − f
]
, (512)
and (sign) = (∂f/∂R)/|∂f/∂R|.
We now consider the modified gravity action given by
[25, 26]
f(R) =
1
2κ2
[
R − µ2(n+1)/Rn
]
, n > 0 , (513)
where µ is a parameter with units of mass. From
Eq. (512) the effective potential in Einstein frame is
U(φ) = µ2M2pl
n+ 1
2n
n
1
n+1 e−
2
√
6
3 κφ(e
√
6
3 κφ − 1) nn+1 ,
(514)
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where we used the relation (510). This potential has a
maximum at κφ = 2(n+1)/(n+2) and has the following
asymptotic form:
U(φ) ∝ exp
(
−
√
6κ
3
n+ 2
n+ 1
φ
)
, κφ≫ 1 . (515)
Taking note that the potential (182) leads to the
power-law expansion (105), we find that the evolution
of the scale factor in the Einstein frame is given by
aE ∝ tpE , p =
3(n+ 1)2
(n+ 2)2
. (516)
When n = 1 one has p = 4/3, which corresponds to an
accelerated expansion. The power-law index p increases
for larger n and asymptotically approaches p → 3 as
n→∞.
We note that scale factor a and cosmic time t in the
Jordan frame are related to those in Einstein frame via
the relation a = e−κφ/
√
6aE and dt = e
−κφ/√6dtE . Since
the field φ is given by κdφ/dtE =
√
2p/tE for the poten-
tial (515), we find that the evolution of scale factor in
the Jordan frame is
a ∝ tq , q = (2n+ 1)(n+ 1)
(n+ 2)
. (517)
From Eq. (19) this corresponds to the effective equation
of state:
wDE = −1 + 2(n+ 2)
3(2n+ 1)(n+ 1)
. (518)
When n = 1 we have q = 2 and wDE = −2/3.
WMAP in concert with other observations have really
begun to constrain the current value of the dark energy
equation of state, although it does depend on the pri-
ors. For instance, in a flat universe, the combination of
WMAP3 and the Supernova Legacy Survey (SNLS) gives
wDE = −0.97+0.07−0.09, whereas even if we do not include
a prior of a flat universe, then by combining WMAP3
with large scale structure and supernova data we obtain
wDE = −1.06+0.13−0.08 at the 2σ level [61]. It follows that the
n = 1 case is outside of observational bounds. However
the model is compatible with observations when n ≥ 2.
We note that the n→∞ limit corresponds to the equa-
tion of state of cosmological constant (wDE = −1). The
effects of modification should become important only at
late times, which requires the tuning of the energy scale
µ.
It was pointed out by Chiba [459] that theories of the
type (513) give the Brans-Dicke parameter ωBD = 0,
which contradicts with the constraint of solar-system ex-
periments (ωBD > 40000 [475]). This means that the
field φ couples to matter with a comparable strength
as gravity. Dolgov and Kawasaki [460] showed that a
non-linear gravitational action (513) suffers from serious
instabilities which lead to a dramatic change of gravi-
tational fields associated with any gravitational bodies.
Nojiri and Odintsov [463] have argued that this prob-
lem can be alleviated by adding a counter term Rn to
the modified action with appropriate coefficients. How-
ever, there is some debate as to whether this can actually
work. In [465], Navarro and Acoleyen argue that for this
mechanism to work, it relies on a particular value for
the background scalar curvature and that if it deviates
from this background value, as will happen in the Solar
System, the mass of this scalar field decreases again to
a value m ∼ H , hence we would observe corrections to
Einstein gravity.
In Ref. [476] the authors show that in all f(R) theo-
ries that behave as a power of R at large or small R the
scale factor during the matter dominated stage evolves
as a ∝ t1/2 instead of a ∝ t2/3, except for Einstein grav-
ity (see also Ref. [477]). This means that these cases
are incompatible with cosmological observations such as
WMAP. The absence of the standard matter dominated
era also holds for the model given by (513). It would be
of interest to find f(R) dark energy models in which a
matter dominated epoch exists before the late-time ac-
celeration.
Another interesting way to tackle the problem is pro-
vided by the so-called Palatini formalism [466, 467]. In
this formalism the action is varied with respect to the
metric and connection by treating them as independent
field variables. In the case of the Einstein Hilbert ac-
tion this method leads to the same field equations as the
one derived from a standard variation principle. How-
ever when the action includes nonlinear functions of the
Ricci scalar R, the two approaches give different field
equations. An important point is that the Palatini for-
malism provides second-order field equations, which are
free from the instability problem mentioned above. It
was pointed out by Flanagan [468] that even in the Pala-
tini formalism matter fields of the standard model at an
energy scale of order 10−3 eV can have interactions, thus
the model (513) may be excluded by particle physics ex-
periments. This is based on the argument that minimally
coupled fermions are included in the Jordan frame and
that transforming to Einstein frame induces additional
interactions between matter fields. Vollick [469] argued
that the equivalence between the two frames discussed by
Flanagan is not physical but mathematical. The physical
interpretation of the difference of the frames is a thorny
subject, which we will not enter in detail. Setting these
subtleties aside we shall proceed with the discussion of
the observational constraints on f(R) gravity theories.
Amarzguioui et al. [478] tried to place constraints on
f(R) gravity models with the Palatini formalism using
several observational data sets (see also Ref. [479]). They
parameterized the gravity Lagrangian of the form
f(R) = R
[
1 + α
(
− R
H20
)β−1]
, (519)
where α and β are dimensionless constants. Using the
combined analysis of SN Ia, CMB, baryon oscillations
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FIG. 24: The 1σ, 2σ and 3σ contours drawn using the compi-
lation of data sets from SN Ia, CMB, baryon oscillations and
LSS observations. The ΛCDM model (α = −4.38, β = 0) is
marked with the cross. The grey part represents the region
which is excluded observationally. From Ref. [478].
and LSS data sets, the best fit values of the model pa-
rameters were found to be (α, β) = (−3.6, 0.09). As is
clearly seen in Fig. 24, the β = −1 case is ruled out ob-
servationally. The allowed values of β exist in the narrow
range: |β| < 0.2. Hence f(R) gravity models do not ex-
hibit any significant observational preference compared
to the GR case (β = 0).
B. DGP model
Let us now discuss a DGP braneworld model [24, 480]
which can also lead to an accelerated expansion. We
consider a brane embedded in a 5-dimensional Minkowski
bulk described by the action
S = −M
3
5
2
∫
d5X
√−gR5 −
M2pl
2
∫
d4x
√
−hR4
+
∫
d4x
√
−hLm + SGH , (520)
where gab is the metric in the bulk and hµν is the in-
duced metric on the brane. Lm is the matter Lagrangian
confined to the brane. The second term containing the
4-dimensional Ricci scalar on the brane is an extra piece
appearing in the DGP model in contrast to the RS sce-
nario. Such a term can be induced by quantum effects
in the matter sector on the brane. The last term SGH
is a Gibbons-Hawking boundary term necessary for the
consistency of the variational procedure and leads to the
Israel junction conditions.
The ratio of the two scales, namely, the 4-dimensional
Planck mass Mpl and its counter part M5 in the 5-
dimensional bulk, defines a cross over scale
rc =
M2pl
2M35
. (521)
For characteristic length scales much smaller than
rc, gravity manifests itself as four dimensional theory
whereas at large distances it leaks into the bulk mak-
ing the higher dimensional effects important. Across the
crossover scale rc, the weak-field gravitational potential
behaves as
Φ ∼
{
r−1 for r < rc ,
r−2 for r > rc .
(522)
We are interested in a situation in which the cross over
occurs around the present epoch. In this case rc is the
same order as the present Hubble radius H−10 , which cor-
responds to the choice M5 = 10-100MeV.
In the FRW brane characterized by the metric (1) we
obtain the following modified Hubble equation [481]
H2 +
K
a2
=
(√
ρ
3M2pl
+
1
4r2c
+
1
2rc
)2
, (523)
where ρ is the total cosmic fluid energy density on the
brane which satisfies the standard conservation equation
(11). For a flat geometry (K = 0) we find that Eq. (523)
reduces to
H2 − ǫ
rc
H =
ρ
3M2pl
, (524)
where ǫ = ±1. When the Hubble length H−1 is much
smaller than the distance scale rc, i.e. H
−1 ≪ rc, the
second term on the left hand side of Eq. (524) is negligi-
ble relative to the first term, thus giving the Friedmann
equation, H2 = ρ/3M2pl. The second term in Eq. (524)
becomes important on scales comparable to the cross-
over scale (H−1 & rc). Depending on the sign of ǫ we
have two different regimes of the DGP model. When
ǫ = +1, Eq. (524) shows that in a CDM dominated situ-
ation characterized by ρ ∝ a−3 the universe approaches
the de Sitter solution
H → H∞ = 1
rc
. (525)
Thus we can have an accelerated expansion at late times
without invoking dark energy. In order to explain accel-
eration now we require that H0 is of order H∞, which
means that the cross-over scale approximately corre-
sponds to the present Hubble radius (rc ∼ H−10 ). We
stress here that this phenomenon arises in DGP from the
the gravity leakage at late times. In other words it is
not due to the presence of a negative pressure fluid but
rather to the weakening of gravity on the brane.
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When ǫ = −1 and H−1 ≫ rc the second term in
Eq. (524) dominates over the first one, which gives
H2 =
ρ2
36M65
. (526)
This is similar to the modified FRW equations in RS
cosmology at high energy. However this does not give
rise to an accelerated expansion unless we introduce dark
energy on the brane. Hence in what follows we shall
concentrate on the case of positive ǫ.
The FRW equation (524) can be written in the form
H(z) = H0
[√
Ω
(0)
rc +
√
Ω
(0)
rc +Ω
(0)
m (1 + z)3
]
, (527)
where Ω
(0)
m is the matter density parameter and
Ω(0)rc ≡
1
4r2cH
2
0
. (528)
Setting z = 0 in Eq. (527), we get the normalization
condition
Ω(0)rc =
(1− Ω(0)m )2
4
. (529)
Deffayet et al. [483] placed observational constraints
coming from SN Ia and CMB (WMAP1) data sets. When
only SN Ia data [1] is used in likelihood analysis, the best
fit values were found to be Ω
(0)
m = 0.18
+0.07
−0.06 and Ω
(0)
rc =
0.17+0.03−0.02. If we include CMB data sets [482], it was
shown in Ref. [483] that larger values of Ω
(0)
m are allowed.
In particular a concordance model with Ω
(0)
m = 0.3 is con-
sistent with both SN Ia and CMB (WMAP1)data sets.
The cross-over scale was constrained to be rc ∼ 1.4H−10 .
We caution that the analysis in Ref. [483] made use of the
observational data before the WMAP1 data appeared.
Updated observational constraints on the DGP model
have been carried out by a number of authors [184, 484].
Recently, in Ref. [485], Sawicki and Carroll looked
at the evolution of cosmological perturbations on large
scales in the DGP model. They found that at late times,
perturbations enter a DGP regime with an increase in the
effective value of Newton’s constant because the back-
ground density diminishes. This in turn leads to a sup-
pression of the integrated Sachs-Wolfe effect, which has
the effect of making the DGP gravity fit the WMAP1
data better than conventional ΛCDM. This conclusion
has been questioned in [486] where it is argued that the
authors of [485] are using an inconsistent assumption for
the truncation of the 5D perturbations. More precisely,
their ansatz leads to the breakdown of the 4D Bianchi
identity, making their results for the suppressions of the
integrated Sachs-Wolfe effect as being unreliable.
In [485], the authors also found a significantly worse fit
to supernova data and the distance to the last-scattering
surface in the pure DGP model as compared to the
ΛCDM model, concluding that ΛCDM overall provides
the best fit. A similar conclusion appears to be reached
in [487] and [488], where the two groups have also tried
to constrain the DGP model using SN Ia data and the
baryon acoustic peak in the Sloan Digital Sky Survey. In
Fig. 25 we show observational contour bounds together
with the constraint relation (529) in a flat universe in
the DGP model. This was obtained by using Supernova
Legacy Survey (SNLS) data [91] and recent results of
baryon oscillations [427], which shows that the original
DGP model discussed above is ruled out at 3σ level [487].
The analysis of Ref. [488] which is the combined anlysis
of SN Ia Gold data [85] and baryon oscillations [427],
for a spatially flat cosmology (K = 0), shows that the
model is allowed at the 2σ level. Figure 26 shows the
analysis of SN Ia Gold data [85] and baryon oscillations
[427] with ΩK being varied [489]. The flat DGP model
is marginally on the border of the 2σ contour bound.
Clearly the results are sensitive to which SN Ia data are
used in the analysis. Thus SN Ia observations alone are
not yet reliable enough to reach a definite conclusion.
Both the ΛCDM and DGP models can describe the
current acceleration of the universe provided that Λ ∼
H20 and rc ∼ H−10 . The degeneracy can be broken using
LSS data as the two models predict different evolution of
density perturbations. The comprehensive treatment of
perturbations in DGP model is still an open problem. A
possible solution to this problem and its future perspec-
tives were discussed in details in Ref. [486]. We should
also mention that apart from the fine tuning of the cross-
over scale, the DGP model is plagued with an instability
problem related to ghosts and strong couplings. Thus
the model deserves further investigations perhaps along
the lines suggested in Ref. [490].
Finally we should mention that a generalization of the
DGP model was proposed in Ref. [184]. The model con-
tains additional free parameters but exhibits an intrguing
possibility of transient phantom phase in the presence of
a non-zero cosmological constant on the brane [184, 491].
C. Dark energy arising from the Trans-Planckian
Regime
A novel approach to addressing the issue of the ori-
gin of the dark energy is to link it to another unknown,
that of the transplanckian regime, or what are the ob-
servable affects of physics occurring in the early Universe
on length scales below the Planck scale, or energies well
above the Planck scale? In [492] the authors model the
transplanckian regime by replacing the usual linear dis-
persion relation w2(k) = k2 with a one-parameter family
of smooth non-linear dispersion relations which modify
the dispersion relation at very short distances. In par-
ticular motivated by arguments from superstring duality
(see [493] for a justification of the argument), they choose
an Epstein function
w2(k) = k2
(
ǫ1
1 + ex
+
ǫ2e
x
1 + ex
+
ǫ3e
x
(1 + ex)2
)
, (530)
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FIG. 25: The allowed parameter space in the Ω
(0)
m -Ω
(0)
rc plane
in the DGP braneworld model with ΩK = 0 from a combined
analysis of the first year SNLS data [91] and the baryon os-
cillation data [427]. The thick solid line shows the constraint
relation (529) in a flat universe. The solid thin contours cor-
respond to the allowed parameter regions at the 1σ, 2σ and
3σ confidence levels coming from the SNLS data. The dashed
lines represent the corresponding regions from the baryon os-
cillation peak. The colored contours show the result of the
combination of both data-sets. From Ref. [487].
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FIG. 26: The allowed parameter space in the Ω
(0)
m -Ω
(0)
rc plane
in DGP braneworld model from a combined analysis of the
SN Ia Gold data set [2] and the baryon oscillation data [427].
In this figure ΩK is varied in the likelihod analysis. From
Ref. [489].
where x = (k/kc)
1/β . β is the constant determining
the rate of expansion in the inflating universe given by
a(η) ∝ |η|−β where the scale factor is evaluated in confor-
mal time, and kc is the wavenumber where the frequency
reaches a maximum. The constants satisfy ǫ2 = 0,
ǫ1/2 + ǫ3/4 = 1, giving a one parameter (say ǫ1) fam-
ily of functions [492].
A particular feature of the family of dispersion func-
tions they choose is the production of ultralow frequen-
cies at very high momenta k > mpl, and there are a
range of ultralow energy modes (of very short distances)
that have frequencies equal or less than the current Hub-
ble rate H0, known as the tail modes. These modes are
still frozen today due to the expansion of the universe.
Calculating their energy today, the authors argue that
the tail provides a strong candidate for the dark energy
of the universe. In fact during inflation, their energy is
about 122-123 orders of magnitude smaller than the to-
tal energy, for any random value of the free parameter
in the modified dispersion relations. The exact solutions
of the system show that the CMBR spectrum is that of
a (nearly) black body, and that the adiabatic vacuum is
the only choice for the initial conditions. In a nice follow
up paper, Bastero-Gil and Mersini-Houghton investigate
a more general class of models and show how demanding
they satisfy both SN1a and CMBR data severely con-
strains the viability of these models, the most important
constraint coming from the CMBR [494].
D. Acceleration due to the backreaction of
cosmological perturbations
The role of gravitational backreaction in inflating cos-
mologies has a long history [495]. It was pioneered by in
a series of papers by Tsamis and Woodard [496, 497,
498, 499] who investigated the quantum gravitational
back-reaction on an initially inflating, homogeneous and
isotropic universe and showed that the role of long wave-
length gravitational waves back-reacting on an inflation-
ary background, was to slow the rate of inflation.
In [500, 501] the authors derive the effective gauge-
invariant energy-momentum tensor for cosmological per-
turbations and use it to study the influence of perturba-
tions on the behaviour of the Friedmann background in
inflationary Universe scenarios. In particular they found
that the back reaction of cosmological perturbations on
the background can become important at energies below
the self-reproduction scale. For the cases of scalar met-
ric fluctuations and gravitational waves in chaotic infla-
tion, the backreaction resulting from the effective gauge-
invariant energy-momentum tensor is such that for long
wavelength scalar and tensor perturbations, the effec-
tive energy density is negative and counteracts any pre-
existing cosmological constant. This then leads the au-
thors to speculate that gravitational back-reaction may
lead to a dynamical cancellation mechanism for a bare
cosmological constant, and yield a scaling fixed point in
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the asymptotic future in which the remnant cosmological
constant satisfies ΩΛ ∼ 1[502] .
More recently, in a series of papers, Rasanen [503],
Barausse et al. [504] and Kolb et al. [505, 506], have
returned to the basic idea of the backreaction being im-
portant. They have explored the possibility that the ob-
served acceleration of the universe has nothing to do with
either a new form of dark energy, or a modification of
gravity. Rather it is due to the effect of the backreac-
tion of either super or sub-horizon cosmological perturba-
tions. By considering the effective Friedmann equations
describing an inhomogeneous Universe after smoothing
(for a derivation see [507, 508]), they argued that it is
possible to have acceleration in our local Hubble patch
even if the fluid elements themselves do not individually
undergo accelerated expansion.
The time behavior of the regularized general-
relativistic cosmological perturbations possesses an insta-
bility which occurs in the perturbative expansion involv-
ing sub-Hubble modes. The above authors interpret this
as acceleration in our Hubble patch originating from the
backreaction of cosmological perturbations on observable
scales. The conclusion has raised a considerable amount
of interest and criticism [509, 510] (see also Refs. [511]).
Ishibashi and Wald [510] have argued that it is not plau-
sible for acceleration to arise in general relativity from a
back-reaction effect of inhomogeneities in our universe,
unless there is either a cosmological constant or some
form of dark energy. Basically the fact our universe is
so well described by a FLRW metric perturbed by New-
tonian mechanics implies the back-reaction of inhomo-
geneities on the dynamics of the universe is negligible.
Moreover, they argue that the acceleration of the scale
factor may accelerate in these models without there being
any physically observable consequences of this accelera-
tion. It has been argued that the no-go theorems due
to Hirata and Seljak [509] do not hold for the case of
Refs. [500, 501] where there is a large positive bare cos-
mological constant which dominates the dynamics [495].
In an interesting recent paper, Buchert et al [512],
have demonstrated there exists a correspondence be-
tween the kinematical backreaction and more conven-
tional scalar field cosmologies, with particular poten-
tials for their ’morphon field’. For example, they ar-
gue that it is possible reinterpret, say, quintessence sce-
narios by demonstrating that the physical origin of the
scalar field source can be ascribed to inhomogeneities
in the Universe. Through such a correspondence they
explain the origin of dark energy as emerging from the
morphon fields. The averaged cosmology is character-
ized by a weak decay (quintessence) or growth (phan-
tom quintessence) of kinematical fluctuations, feeded by
‘curvature energy’ that is stored in the averaged 3-Ricci
curvature.
Although the idea of sub-horizon perturbations in a
conventional cosmology driving the current acceleration
may not be flavour of the month, in many ways it would
be great if this idea was to work out, it would allow us
to live in a universe where gravity is conventional, there
is no negative-pressure fluid out there waiting to be dis-
covered, and no cosmological constant needed. Unfortu-
nately the Universe looks like it has not been so obliging.
XVII. CONCLUSIONS
The question of the nature of the dark energy that is
driving the observed acceleration of the Universe today is
without doubt one of the most exciting and challenging
problems facing physicists and astronomers alike. It is at
the heart of current astronomical observations and pro-
posals, and is driving the way particle theorists are trying
to understand the nature of the early and late universe.
It has led to a remarkable explosive surge in publications
over the past few years. For example over 900 papers
with the words “Dark Energy” in the title have appeared
on the archives since 1998, and nearly 800 with the words
“Cosmological constant” have appeared.
Writing a review on the subject has been a daunting
task, it is just impossible to properly do justice to all
the avenues of investigation that people have ventured
down. Instead we have concentrated on a subset of all
the work that has gone on, trying to link it wherever pos-
sible to the other works. In particular we have decided
to take seriously the prospect that the dark energy may
be dynamical in origin, and so have performed quite a
thorough investigation into both the nature of the cos-
mological constant in string theory, as well as the nature
of Quintessence type scenarios. This has allowed us to
compare many models which are in the literature and to
point out where they are generally fine tuned and lack-
ing motivation. Unfortunately it is a problem that faces
many such scalar field inspired scenarios. On the odd
occasion where a really promising candidate field seems
to have emerged, we have said so.
Alongside the modification due to the presence of new
sources of energy momentum in Einstein’s equations, an-
other route we have explored is to allow for the possibility
that Einstein’s equations themselves require some form
of modification, in other words the geometry part of the
calculation needs rethinking. Although there is no reason
as of yet to believe this is the case, it is perfectly possible
and so we have spent some time looking at alternatives
to Einstein gravity as a source of the current accelera-
tion today. As we have mentioned, there is more that we
have not dealt with, than we have. For example we have
not addressed the issues related to the holographic ap-
proach [513] and other observational aspects about dark
energy, such as gravitational lensing which can serve as
an important probe of dark energy [56].
We should also mention recent developments related to
Bekenstein’s relativistic theory of modified Newton dy-
namics (MOND) [514]. Bekenstein’s theory is a multi-
field theory which necessarily contains a vector and a
scalar field apart from a spin two field– so called tensor-
vector-scalar theory (TeVeS) [515] (see the review of
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Sanders and references therein [516], as well as the recent
detailed work of Skordis [517]). Since TeVeS contains a
scalar field, it is natural to ask whether this theory can
account for late-time acceleration and inflation. Recently
efforts have been made to capture these two important
aspects of cosmological dynamics in the frame work of
TeVeS [518, 519, 520]. However, these investigations are
at the preliminary level at present.
In the context of modifed gravity models there has re-
cently been some interesting work which can be related to
MOND [465, 521]. The authors have proposed a class of
actions for the spacetime metric that introduce correc-
tions to the Einstein-Hilbert Lagrangian depending on
the logarithm of some curvature scalars, as opposed to
power-law corrections discussed earlier in the review. For
some choices of these invariants the models are ghost free
and modify Newtonian gravity below a characteristic ac-
celeration scale given by a0 = cµ, where c is the speed
of light and µ is a parameter of the model that also de-
termines the late-time Hubble constant H0 ∼ µ. The
model has a massless spin two graviton, but also a scalar
excitation of the spacetime metric whose mass depends
on the background curvature. Although almost massless
in vacuum, the scalar becomes massive and effectively
decouples close to any source leading to the recovery of
an acceptable weak field limit at short distances. The
classical “running” of Newton’s constant with the dis-
tance to the sources and gravity is easily enhanced at
large distances by a large ratio opening up the possibil-
ity of building a model with a MOND-like Newtonian
limit that could explain the rotation curves of galaxies
without introducing Dark Matter using this kind of ac-
tions. Perhaps advances in our ability to perform solar
and stellar system tests of the cosmological constant, will
allow us to discriminate different models for Λ.
On the observational front, to many people’s frustra-
tion, pretty much everything seems perfectly consistent
with the true cosmological constant being the source of
the acceleration, but of course we are not really sure (well
some of us aren’t anyway) why it has the value it does
have, or why it should be coming to dominate so recently.
However, there are a number of exciting observational
proposals on the horizon (including solar and stellar sys-
tem tests of the cosmological constant [522, 523]) which
if they come up trumps may well provide us with vital
information about the nature and magnitude of the cos-
mological constant today.
They include the Dark Energy Survey (DES) [524], a
proposed optical-near infrared survey of 5000 sq. deg of
the South Galactic Cap. It will allow for the measure-
ment of the dark energy and dark matter densities and
the dark energy equation of state through: galaxy clus-
ters, weak gravitational lensing tomography, galaxy an-
gular clustering, and supernova distances. The beauty of
this is that the methods constrain different combinations
of the cosmological model parameters and are subject to
different systematic errors.
A second proposed mission which has generated a lot of
excitement is SNAP [525]. It seeks to place constraints on
the dark energy using two distinct methods, first through
obtaining more and deeper Type Ia SN, and the second
through weak gravitational lensing, which relies on the
coherent distortions in the shapes of background galax-
ies by foreground mass structures. Once again, the two
methods for probing dark energy are highly complemen-
tary with error contours from the two methods that are
largely orthogonal.
A third proposed mission (which is funded!) is the
Planck CMB satellite which, although probably not hav-
ing the sensitivity to measure any evolution in the dark
energy equation of state, should be able to tell us whether
or not it is a true cosmological constant with w = −1,
or whether w is different from that value. Such a result
if it proved the case would be as dramatic as evidence
for evolution in the dark energy. What form of matter
would be giving us such a result?
Recently the suggestions that Gamma Ray Bursters
may actually be excellent standard candles have been re-
visited, with some interesting tentative initial conclusions
[97]. The significance of such a result, if true, is hard to
underestimate. GRB’s are some of the brightest objects
in the universe and so can be seen much further than
Type Ia Supernovae. In principle they could be seen out
to redshifts of around z ∼ 10, which would allow us to
have a much more detailed Hubble diagram, and to probe
more accurately whether there is evidence of evolution in
the dark energy equation of state. Although the error
bars are still large, the initial evidence actually suggests
that for GRB’s out to a redshift of 6, the Hubble diagram
is best fit with a dynamical equation of state, as opposed
to a cosmological constant. It may not be statistically
significant, but what the heck its a fun and tantalising
way to end this review!
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